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Summary
Nowadays, innovative applications such as lab-on-a-chip, micro-reactors or bi-
ological chips are developed for industry, biology or medicine. Capillary issues
are encountered which are not yet fully understood. It is therefore essential
to open up ways to manipulate tiny amounts of liquid in order to mix them,
encapsulate them or to create emulsions. The bouncing droplets on an oscillat-
ing liquid interface allow their manipulation. Indeed, under certain conditions,
droplets can bounce indeﬁnitely on a bath surface as long as the squeezed air
ﬁlm which separates the drop from the bath is renewed at each bounce. We
chose to study deformable droplets on a non-deformable bath. The droplets are
deformable because they are large or made of a low viscous oil, the liquid of
the bath being highly viscous silicone oil. We investigated how the deforma-
tions, the stability and the trajectories of the droplets depends on the forcing
parameters such as the frequency and the amplitude of the oscillation. We also
studied the possibility of mixing and emulsifying droplets on the bath. Finally,
we showed the eﬀect of the deformation of the bath on these bouncing droplets
and studied the trajectories of walking droplets [1] which are used as a model for
quantum-like particles [25]. In this manuscript, we reported an exploration of
the droplets behavior as a function of the ability of the bath and/or the droplet
to deform.
Depending on the forcing frequency, speciﬁc deformation modes are excited
on the bouncing droplets. We used these modes to rationalize their bouncing
stability and to create double emulsions in a compound droplet. Then, we
determined numerically the complex bifurcation diagrams of the trajectories
of a bouncing droplet thanks to a model based on a spring. On a low viscous
bath, we evidenced the importance of its deformation. We showed that a walker
exists as soon as the droplet experiences, once every two oscillation periods, a
viii
jump high enough to trigger a Faraday wave. As a consequence, we have to
take the bouncing droplets into account when looking for an alternative way
to manipulate them or as a model of quantum-like particles. The bouncing
droplets still exhibit lots of intriguing behaviors which have yet to be explained.
They can therefore remain the focus of future works.
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Résumé
Depuis peu, de nouvelles applications telles que des laboratoires miniaturisés,
des microréacteurs ou des puces biologiques voient le jour. Elles sont utilisées
par l'industrie, la biologie ou encore la médecine. Des problèmes de capilla-
rité sont régulièrement rencontrés et ne sont pas encore complètement compris.
C'est pourquoi, il est essentiel d'ouvrir de nouvelles voies pour la manipulation
de petites quantités de ﬂuides dans le but de créer des mélanges, des encap-
sulations ou des émulsions. Les gouttes rebondissantes sur une surface liquide
oscillante permettent leur manipulation sans contamination. En eﬀet, dans cer-
taines conditions, des gouttes peuvent rebondir indéﬁniment car le ﬁlm d'air
qui sépare la goutte du bain est comprimé et renouvelé à chaque rebond. Dans
ce travail, nous avons choisi d'étudier la déformation des gouttes sur un bain
très visqueux et en conséquence très peu déformable. Quant aux gouttes, elles
sont déformables car elles sont de tailles importantes ou formées d'un liquide
peu visqueux. Nous avons étudié les déformations, la stabilité ainsi que les tra-
jectoires des gouttes rebondissantes en fonction des diﬀérents paramètres de
forçage tels que la fréquence d'oscillation du bain et son amplitude. Nous avons
également étudié la possibilité d'eﬀectuer un mélange ou une émulsion à l'in-
térieur d'une seule goutte rebondissante. Finalement, nous avons montré l'eﬀet
de la déformation du bain sur le rebond des gouttes et analysé les trajectoires
d'une goutte dite marcheuse [1]. Celle-ci est utilisée comme modèle de parti-
cule pseudo-quantique [25]. En résumé, dans ce manuscrit, nous développons
une exploration du comportement de la goutte rebondissante en fonction de ses
capacités de déformation en tenant compte de la rigidité du bain.
Selon la fréquence de forçage, certains modes de déformation spéciﬁques de
la goutte rebondissante sont excités. Ces modes sont utilisés pour expliquer la
stabilité des gouttes sur le bain et aussi pour initier des doubles émulsions dans
x
des gouttes bi-composées. Grâce à un modèle de ressort, nous avons retrouvé
numériquement les diagrammes de bifurcations observés. Pour un bain peu vis-
queux, nous avons mis en évidence sa déformation. Nous avons démontré qu'un
marcheur peut exister aussitôt que la goutte émet un rebond qui se produit
toutes les deux périodes de l'oscillation du bain et qui est d'amplitude suﬃsante
pour déclencher des ondes de Faraday. Au vu de nos résultats, nous pouvons
aﬃrmer que les gouttes rebondissantes peuvent être envisagées comme une alter-
native pour la manipulation de petites quantités de liquide et aussi comme des
modèles de pseudo-particules quantiques. Les gouttes rebondissantes présentent
de nombreux comportements intéressants qui peuvent encore faire l'objet de
nombreuses recherches.
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Introduction
Little drops of water, little grains of sand,
Make the mighty ocean and the pleasant land.
Julia A. Fletcher Carney (1824-1908).
A droplet is deﬁned as the tiniest quantity of liquid that one can observe.
It is short-lived, it may spread when placed in contact with a solid or merge
with another miscible liquid. Everyday, we interact with these extremely small
objects. The rain for example, really common in our country (Belgium), is
made of a myriad of minuscule droplets. During their fall, they keep a spherical
shape when their diameter is smaller than a millimeter. If it is larger, they
take the amazing shape of a parachute before splitting themselves. When we
make coﬀee, the water percolates into the ground grains and falls, drop by
drop, in a tank. If we pay attention to these falling drops, we observe that they
surf on the freshly brewed coﬀee before coalescing (merging) with it. Farmers
spraying their ﬁelds with phytosanitary liquids have to face the hydrophobic
properties of certain plants. Supercooling water droplets instantly freeze when
impacting the blades of a wind turbine or the wings of an airplane weighing
them down. Nowadays, innovative applications using micro-scale ﬂows and tiny
ﬂuid objects are developed for industry, biology or medicine. Due to the very
small scale, some physical problems are encountered. These everyday examples
involve series of questions on the droplets. How can they levitate on the freshly
brewed coﬀee? How can the farmers compel them to completely spread on the
leaves of the plants? How can one prevent droplets from freezing and inducing
the collapse of engineering structures? How can we handle undersized quantities
of ﬂuid?
Answers to these questions entail the understanding of the physics of tiny
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amounts of ﬂuid. Relevant processes are the displacement division, fusion or
mixing of droplets but also encapsulation and emulsions. In the present work,
we studied an original way to manipulate droplets without touching or con-
taminating them. We worked with a model liquid which is silicone oil, the
molecular interactions within which are of the Van der waals type. The general
principle consists of making a droplet bounce on an oscillating liquid surface.
Under speciﬁc conditions, the air ﬁlm which separates the droplet from the
bath is squeezed and resists the weight of the droplet. Given that the bath
is oscillating, it enables the droplet to bounce and consequently to regenerate
the air ﬁlm. Moreover, these bouncing droplets can emit waves on the liquid
surface, and by interacting with them, create a quantum-like system, called a
walker, that exhibits some intriguing behaviors. The association of a wave
and a droplet is the main topic of ongoing researches on macroscopic experi-
ments reproducing quantum behaviors. These bouncing droplets and walkers
are studied extensively since 2005 [1] and are not yet fully understood.
In the writing of this manuscript, we chose to focus on the inﬂuence of the
deformations (bath and/or droplet) on the bouncing dynamics. We thus had
to leave some interesting works on the side such as some publications initiated
during internships abroad [7, 8]. The reader is most welcome to consider them
in Appendix E. In 2007, we had the momentous occasion to spend a month
within the Laboratoire Matière et Systèmes Complexes in the team of Yves
Couder, at the Université Paris Diderot-Paris 7 (France). There, we worked on
the ratchet behavior of droplets that are interacting through the wave ﬁelds that
they emit on the bath [7]. This behavior has been rationalized thanks to our
observation of a single bouncing droplet, this is presented in Chapter 4. We also
have been invited in 2011, for a three months internship, in John Bush's group at
the MIT - Massachusetts Institute of Technology (USA) to explain the mystery
of droplets ejection in the ﬂuid-ﬁlled Tibetan singing bowl [8]. This bowl is a
type of bell originating from the Himalayan region which throws droplets over
the edge when stroked. Thanks to our understanding of the Faraday waves
and the bouncing droplets, we investigated these ejected droplets and generated
bouncing droplets within the conﬁnes of the vessel.
The purpose of this thesis is the fundamental study of the inﬂuence of the
deformations on the bouncing droplets phenomenon. We shall demonstrate that
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these droplets can move, interact, merge or emulsify. First of all, we rigidiﬁed
the oscillating liquid interface and studied the droplet deformations and the
role of the latter on the bounce. Then, choosing a speciﬁc deformation mode,
we studied the possibility of performing double emulsions in a bouncing com-
pound drop. Afterwards, we limited our investigation to small deformations and
proposed a model that was simulated numerically to explain our observations.
Finally, we extended our investigation to slightly deformable droplets bouncing
on a deformable bath in order to explain the role played by its deformations. In
the continuity of our investigation, we then analyzed the behavior of the walker.
Following this strategy, our manuscript is a compilation of diﬀerent works,
already or not yet published, that we conducted on the bouncing droplets. We
focussed on the role of the deformations of the droplet and/or of the bath
in the bouncing droplet phenomenon. This study is placed in its context in
Chapter 1. At the end of this chapter, relevant questions are raised and our work
strategy is proposed. Following this plan of action, in Chapter 2, we developed
the droplet deformations on a rigid bath. Then, in Chapter 3, we modeled
our observations of the trajectories of small droplets bouncing on a rigid bath.
Finally, in Chapter 4, we reported the observations made on a deformable bath
and we proposed a generalization of the walker behavior. After our conclusion,
we propose some perspectives.
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Chapter 1
Research context
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1.1 When surface eﬀects dominate volume eﬀects
Liquid and gas motions are mathematically described by the Navier-Stokes equa-
tions [9], which is the application of the second Newton's law to a ﬂuid particle.
In these equations, interfaces, between two ﬂuids or between a ﬂuid and a solid,
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have to be considered through boundary conditions. The boundaries are cru-
cial for small quantities of ﬂuid. When, two hundred years ago, Laplace and
Young initiated researches on capillarity, their venerable works developed the
basic idea that creating a surface S between two ﬂuids has an energetic cost
E. Systems presenting such an interface tend to minimize their surface energy.
As a consequence, a force can be derived from this potential surface energy,
which acts on the interface to minimize it. The surface tension σ is given by
the ratio E/S. For an air/water interface, σ is equal to 72 10−3N/m and for
mercury, σ = 485.5 10−3N/m at 25 C˚. Under given conditions, surface eﬀects
compete with volume eﬀects, such as gravity. On a solid surface, the shape
of a sitting droplet, of mass M and radius R, depends on the relative impor-
tance of these eﬀects. This can be quantiﬁed by the dimensionless Bond number
Bo = Mg/4piσR, where g is the gravitational acceleration. When this ratio is
larger than unity, the gravity eﬀect surpasses the surface tension eﬀects, conse-
quently the droplet looks like a puddle. Equivalently, this criteria corresponds
to droplet sizes larger than a characteristic length, the capillary length, deﬁned
as κ−1 =
√
σ/ρg, with ρ being the density of the liquid.
1.2 Delay of coalescence
A drop laid on a liquid surface may ﬂoat, bounce or splash depending on the
impact velocity. At a low velocity, Reynolds [10] observed, in 1881, that a drop
impacting a liquid ﬂoats on the surface for several seconds before coalescing
(merging with the bath). He noticed that the cleaner the liquid surface is,
the longer is the delay before coalescence. Under some conditions, the droplet
partially coalesces leaving a daughter droplet ﬂoating on the surface, then the
process starts again [11, 12]. With a soapy water droplet, a cascade up to six
partial coalescences can be observed.
In 1886, Reynolds developed the lubrication theory [13] in which he ex-
plained the delay of coalescence. The cause is found in the air ﬁlm that is
squeezed between the droplet and the liquid surface under the action of the
droplet weight. The drainage is not instantaneous, consequently the air ﬁlm
resists the squeezing (cf. Fig. 1.1). When the thickness of the air ﬁlm reaches
a critical point, it breaks due to the attractive Van der waals forces between the
ﬂuid phases.
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￿FL
￿Fg
drop
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air velocityprofile e
Figure 1.1: The air ﬁlm between a ﬂoating droplet and a liquid bath is squeezed and
drains out. In reaction, the air ﬁlm of decreasing thickness e generates a lubrication
force FL that balances the droplet weight Fg. The airﬂow dynamics is a Poiseuille ﬂow
with a speed limit at boundaries which can be non negligible and change its shape.
The lubrication equation emanates from the solving of the Navier-Stokes
equations for an air ﬁlm bounded by two plates in relative motion. Let us
consider two disks of radius R, parallel, separated by a distance e (e  R)
and approaching each other with a relative velocity e˙. As e  R, the pressure
is constant throughout the thickness and the ﬂow is a Poiseuille ﬂow. The
overpressure gives rise to a lubrication force FL given by
FL ∼ µaR
4e˙
e3
. (1.1)
µa = 18 10−6 Pa.s being the dynamic viscosity of air [13].
The thinning speed e˙ of a ﬁlm between a ﬂoating droplet and the bath surface
diminishes drastically with the thickness e. The drainage time should therefore
be inﬁnite. However, when two free surfaces are close enough from each other
(approximately 100 nm), attractive Van der waals forces between the two ﬂuids
are no longer negligible and the intervening air ﬁlm breaks. Once the contact
is made, surface tension minimizes the surface energy and coalescence occurs.
The lifetime tL of the droplet scales thus as
tL ∼ µaR
4
Mge2c
, (1.2)
ec being the critical thickness of the air ﬁlm when it breaks [13]. For a water
droplet with a diameter of 1 mm coalescing when the critical thickness is about
1µm, this lifetime is estimated to 200 ms.
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However, as the boundaries are liquid, the ﬂuid speed at boundaries can be
non negligible. The consequence is a modiﬁcation of the shape of the Poiseuille
ﬂow (cf. Fig. 1.1). The drainage rate is aﬀected as well as the lubrication force.
1.3 Inhibition of coalescence
Some physical eﬀects can delay and even eliminate the coalescence of a droplet.
To be comprehensive, we can cite some relevant works. Dell'Aversana et al.
[14] have observed that a possible cause could be a thermal convective ﬂow
that is induced when the liquid drop and the liquid surface are at diﬀerent
temperatures. Amarouchene et al. [15] have studied the surfactant eﬀect on
drop coalescence. Coalescence with the bath can be completely prevented by
using oppositely charged drop and bath [16]. Droplets may levitate on an air
cushion [17] or due to an acoustic pressure node [18]. A hydraulic jump formed
by a liquid ﬁlm moving horizontally can maintain a droplet in rotation on the
liquid surface (cf. Fig. 1.2a) [19]. Leidenfrost [20] deposited droplets onto a
solid surface heated at a temperature above the liquid boiling temperature, an
eﬀect recently revisited by Biance et al. [21]. This way the drop does not touch
the surface and levitates on its own vapor (Fig. 1.2b-c).
Preventing droplet coalescence or deposition allows us to manipulate it.
Each way of preserving the droplet shape has its advantages and its drawbacks.
We will focus on an original manner based on vibration which is described here-
after.
298 K. R. Sreenivas, P. K. De and J. H. Arakeri
Figure 1. Photograph of a levitating water drop (the 0.75ml drop is about 1.6 cm in diameter and
is about 0.6 cm high). The impinging water jet and the circular hydraulic jump are also seen.
solution is 31.5 dynes cm−1 and for the oil is 23.0 dyne cm−1. The dynamic viscosity of
the oil is 0.11 Pa s−1 and its density is 769 kgm−3.
In all the experiments the flow was laminar and steady. Initially the thickness
of the water film decreases with radius and then due to viscous eﬀects it increases
gradually. At the hydraulic jump the change in thickness of the water film is rapid.
Downstream of the jump the height increases with radius initially and then decreases.
The essentials of the flow upstream of the jump were given by Watson (1964). Using
Watson’s relations the film thickness (hw) is between 0.02 cm and 0.03 cm in both the
experiments. The estimated free surface velocity is about 100 cm s−1 at 1.5 cm from
the centre of the jet for the larger flow rate experiments and it is about 40 cm s−1 at
1 cm from the centre of the jet in the smaller flow rate experiments. The free surface
velocities just upstream of the jump in the larger and smaller flow experiments are
respectively 60 cm s−1 and 25 cm s−1.
The liquid which is to be floated is taken in a hypodermic syringe and injected
carefully just above the water surface and just upstream of the hydraulic jump. The
injected liquid forms a drop and ‘floats’ over the water surface. Figure 1 shows the
impinging jet and a ‘floating’ water drop.
3. Observations
We now present experimental observations of the phenomenon. The injected liquid
drop stays at the position of the hydraulic jump; larger drops extend beyond the
jump. If injected slightly away from the jump, upstream or downstream, the drop
moves radially to position itself at the hydraulic jump. Liquid drops move in the
azimuthal direction, sometimes in an oscillating manner. The speed of this motion
is greater for the smaller drops. When many drops are injected, they rebound like
solid bodies during collision and at times two drops may coalesce to form a single
drop. Typically the smaller drops stay without breaking for about 5min. We believe
a cleaner experiment can extend the life indefinitely. Breakage of a water drop occurs
in <0.04 s, the time between successive frames in our video recording. To float large
(a) (b) (c)
Figure 1.2: a) A water droplet of diameter 1.6 cm levitating due to a hydraulic jump
(from [19]). b-c) Water drops deposited on a solid silicon surface maintained at a
temperature of 200˚ C (from [21]).
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1.3.1 Bouncing droplets
When a droplet is laid on a liquid bath that oscillates vertically, under given
conditions we can see that it bounces (the core of this thesis) (cf. Fig. 1.3). The
air ﬁlm between the drop and the liquid surface is squeezed and regenerated at
each successive bounce, its sustenance precluding coalescence and enabling the
droplet bouncing. This bouncing occurs when the forcing amplitude exceeds a
threshold which depends on various parameters such as the size of the droplet
and the forcing frequency. On Fig. 1.3, a small drop takes oﬀ each time the
acceleration of the surface is approximately equal to g. A small drop can be
maintained in this state for a long time. In 1978, Walker [22] related a way to
observe bouncing droplets on a liquid surface thanks to a vibration originating
from a loudspeaker. This has been revisited since 2005 by a french team led by
Couder [1] and the droplets have shown some really intriguing behaviors that
we will detail hereafter.
Figure 1.3: A drop of about 1 mm of diameter bounces on a liquid surface oscillating
at 80 Hz together with an amplitude suﬃcient for the bouncing to occur. Drop and
bath are made of silicone oil of viscosity 50 cSt.
1.3.2 Bouncing threshold
Droplets are laid on a liquid bath that oscillates vertically at a frequency f ,
the equation of motion of this bath is A sinωt where A is the amplitude and
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ω = 2pif . The plate acceleration is thus γ = −Aω2 sinωt and the maximal
acceleration is deﬁned by γm = Aω2. We observe that the droplet can bounce
when γm is larger than a critical value γb. Couder et al. [23] have demonstrated
that, with a silicone oil of kinematic viscosity ν = 500 cSt, this critical accel-
eration γb increases as the square of the frequency. These results are presented
on Figure 1.4. The dimensionless threshold acceleration Γb = γb/g is plotted
as a function of the forcing frequency f for various droplet diameters. The
minimal threshold is observed, at low frequency, at 1g for the smallest droplets
(R  κ−1). We note a similarity with the inelastic bouncing ball model since
small drops deform the bath weakly. The threshold γb increases more rapidly
with larger drops. This is due to the fact that larger drops absorb a part of
the energy in deformations, larger accelerations are needed for these drops to
take oﬀ. Let us emphasize that deformations play a fundamental role in the
expression of the acceleration threshold.
is larger than a threshold !mC. Using oil with " ! 500"
10#3 Pa s we measured !mC as a function of the frequency,
for drops of various sizes. The results [Fig. 2(a)] show that
!mC roughly grows as !2 for drops of a given size and that
larger accelerations are needed for larger drops. A simple
limit is observed for small drops at low frequencies where
!mC ! g. At each period, the drop lifts when the substrate
moves downward with an acceleration exceeding g. This
limit is identical to that of lift-off for an inelastic solid
sphere deposited on a vibrating solid plate [12–14].
Stability requires that the air film resists squeezing dur-
ing the half period of upward motion and that, during
the downward half period, air has time to penetrate the
film to allow lift-off. We must thus consider the dynamics
of the thin air film, and seek if it can sustain the drop
bouncing and be renewed. At a given time the thickness
of this film is h and its radius rF [see Fig. 2(c)]. In
the following, we assume that the viscosity of the liquid
" is much larger than that of air "a, so that the airflow
does not entrain the liquid. At the drop landing, the film
of air resists squeezing only when a viscous regime is
reached, i.e., the Reynolds number becomes small
enough: Re ! #ah20!="a < Rec, with #a and "a being
the density and viscosity of air. This condition sets a
scale for a typical film thickness h0. Reynolds lubri-
cation theory shows that the film resists squeezing with a
force of magnitude F$"ar4F!=h20 (using the vibration
period as a time scale). Let m ! 4=3$#R3 be the drop
mass and ! the imposed acceleration. At landing the
balance of forces gives #mg% F ! m!, and at lift-off
mg% F ! m!. The lift-off condition being more restric-
tive determines the critical acceleration !mC needed for
bouncing (using the scale for the film thickness found
above):
!mC # g ! 1Rec
#a
#
l!2 with l ! r
4
F
R3S
: (1)
Qualitatively, this means that a larger acceleration is
needed to squeeze or fill the air film at a higher frequency
or for a more extended film. To close the analysis, we need
to estimate the film radius rF. At the bouncing threshold,
the drop lifts at a maximum of the bath oscillation, when
! ! !m. Its free vertical motion has an acceleration g,
while the bath acceleration is ! ! !m cos!t. The drop
lands at a time tL, at which the bath acceleration !L is
determined only by the kinematics of the relative motion of
the drop and the bath. For the maximum bath accelerations
!m in the range 2g–8g used in the experiment, we find it in
the range 2g–3g. The results being insensitive to its exact
value, we use !L ! #2:5g in the following. The shape of
the drop is set by the balance between the capillary forces
and the apparent inertia m&g# !L'. The relevant length
scale is then the effective capillary length defined as % !
(&=#&g# !L')1=2. Dimensional analysis requires rF !
RSf&RS=%'. The function f was determined numerically
by solving the capillary-hydrostatic ordinary differential
equations for the equilibrium of a drop of given volume
resting on a bath of the same liquid, under an effective
100
1000
10 4
10 5
10 100
(a)
γ  − (b)
γ   
FIG. 2. (a) The observed acceleration thresholds for the bounc-
ing of drops of various sizes as a function of the forcing
frequency. (b) The rescaling of the data by Eq. (1): plot of
&!mC # g'=l as a function of the frequency. The symbols cor-
responding to drops of various sizes are the same as in (a).
(c) Inset: Sketch of the geometry of the drop and of the separat-
ing film.
FIG. 1. Two photographs showing a drop of radius 2 mm as it
bounces on the liquid surface. The arrows show the direction of
the bath motion.
PRL 94, 177801 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending6 MAY 2005
177801-2
f [Hz]
Γb
Figure 1.4: The bouncing acceleration threshold Γb increases as the square of the
frequency (from [23]). The threshold increases more rapidly when the droplet diameter
is large.
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Couder [23] gives the following explanation to the bouncing threshold. We
observed that the droplet lands and lifts oﬀ while the bath goes upwards. Firstly,
the drop lands when the plate moves up and the acceleration vector of the plate
~γ is pointing upwards as indicated on Fig. 1.5b. During this phase, the air
ﬁlm thins. In the moving frame of the bath, the lubrication force FL given in
Eq. 1.1 is resisting to the apparent weight of the droplet M(g + γ). Secondly,
the droplet lifts oﬀ when the plate moves upward but the acceleration vector
of the bath points downwards as indicated on Fig. 1.5c. During lift-oﬀ, the
thickness of the air ﬁlm increases. The lubrication force FL resists to the lift-oﬀ
of the droplet. In order to allow lift-oﬀ, the acceleration of the plate γ has
to be suﬃciently negative (smaller than the acceleration of the droplet). The
condition for bouncing is therefore written as
|γ| > |Fg + FL|
M
. (1.3)
The lubrication force FL appears when the droplet lands on the bath. The
air ﬁlm decreases rapidly to a characteristic thickness e0 when viscous forces in
the air ﬁlm become larger than inertia. It occurs in a ﬁnite time of the order of
f . The lubrication force is important when the Reynolds number, Re, which is
the ratio between the inertia and the viscosity, is smaller than a critical number
(b) Landing (c) Lift-off
Oscillating bath
￿γ
￿γ
(a) Free-fall
￿Fg
￿FL
￿Fg
￿Fg
￿FL
Figure 1.5: A droplet bouncing periodically on an oscillating liquid bath regenerates
the air ﬁlm at each bounce. The free-falling droplet (a) is landing on the bath (b).
The lubrication force FL prevents the droplet, subjected to its weight Fg, to coalesce
with the bath. When the droplet lifts oﬀ the bath (c), the lubrication force FL points
downwards as the air ﬁlm thickens. The droplet lifts oﬀ when the norm of the plate
acceleration |γ| is larger than the norm of the droplet acceleration.
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Rec given by
Rec = ρah20f/µa (1.4)
where ρa is the air density. The droplet viscosity µ is supposed to be much larger
than the air viscosity µa, the dynamics of the air ﬁlm can be supposed to be a
Poiseuille like ﬂow. The magnitude of the lubrication force is then evaluated by
FL ∼ µar4F f/h20, (1.5)
where rF is the radius of the air ﬁlm which is related to the area of the droplet
in apparent contact with the liquid bath. This length is proportional to the
droplet radius R and is calculated from the shape of a ﬂoating droplet at rest
on a bath made of the same liquid. The bouncing condition given by Eq. 1.3 is
rewritten as
|γm| > g + 1
Rec
ρa
ρ
r4F
R3
f2 (1.6)
This expression is consistent with the experimental results presented in Fig. 1.4
and plotted, in dashed and solid lines, for four sizes of droplets.
Note that, using the acceleration threshold for bouncing, Gilet et al. [24]
explained that when droplets are too big, one observes a cascade of partial
coalescences which stops when a daughter droplet becomes small enough to
start bouncing. This process can be compared to a droplet size ﬁlter.
1.3.3 Bouncing periodicity
Beyond the threshold, a droplet bounces and this may be compared to a bounc-
ing ball problem. On a bath, oscillating at about 80 Hz just above the threshold,
droplets bounce at the same frequency as the bath. We have shot a movie, at
1000 fps, of the bouncing of a droplet. Then, for each image, we have taken a
vertical slice passing through the droplet centerline and ﬁnally we have juxta-
posed all these images. This way, we have been able to reconstruct a space-time
image illustrating the dynamics of the droplet (cf. Fig. 1.6a). Note that the
time elapses from left to right and that the drop's reﬂection on the bath is
apparent. When the forcing acceleration is increased, droplets experience dif-
ferent bouncing modes, e.g. period doubling or chaotic behavior. On Fig. 1.6b,
during two oscillations of the plate, the droplet undergoes two bounces of dif-
ferent heights and the bouncing period is twice the bath oscillation. Protière et
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al. [25] explored the bouncing mode phase diagram of droplets of 50 cSt silicone
oil bouncing on a bath of the same liquid. On Fig. 1.7, these observations are
reported as a function of the droplet diameter D and of the bath maximal ac-
celeration Γ = γm/g. We will give more explanation about that in Chapter 4.
In the case of a droplet bouncing on a vibrating soap ﬁlm, the bouncing peri-
odicity is very rich. This system has been investigated experimentally and has
been rationalized theoretically [26]. We have demonstrated that these modes of
bouncing also occur in a Tibetan singing bowl [8]. A bowl deformation mode
is excited by rubbing the rim with a leather mallet. The bound liquid in the
vessel is perturbed by the horizontal oscillation of the rim leading to a surface
motion suitable for droplets to bounce.
Several droplets may interact through the capillary waves they emit leading
to a self-organization on the bath, more likely in a triangular lattice [25,27,28].
Recently, Eddi et al. [29] reproduced droplet rafts with a crystalline structure
related to the Archimedean tilings of the plane by ﬁne tuning the bouncing
modes. Then, when tuning the forcing acceleration, they evidenced some vibra-
tion modes that arise in hexagonal and square lattices [30].
Γ = 1.7
Γ = 2
a)
b)
Figure 1.6: Spatio-temporal diagrams indicating the vertical trajectory of a droplet
of diameter D = 820µm bouncing on an oscillating bath at a frequency f = 80 Hz.
Both droplet and bath are made of 20 cSt silicone oil. The periodicity of the droplet
bounces is the same as the oscillating bath period when the maximal acceleration of
the bath is a) γm = 1.7g; and doubled when b) γm = 2g. Time elapses from left to
right and the drop's reﬂection is apparent.
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The self-organization of capillary wave sources S3531
Figure 1. (a) Compact aggregate of seven drops of very viscous oil (µ = 500 × 10−3 Pa s,
f0 = 30 Hz, D = 2.2 mm). (b) Aggregate of seven drops of viscous oil rotating at 2 turns s−1
(µ = 100 × 10−3 Pa s, f0 = 70 Hz, γm/g = 5.8, D = 2.2 mm).
Figure 2. Phase diagram showing the drop’s various behaviour as a function of its diameter D
and of the forcing acceleration. The liquid used here is silicon oil of viscosity 50 × 10−3 Pa s
and the forcing frequency is f0 = 50 Hz. B corresponds to the simple bouncing region, PDB to
period doubling bouncing, PDC to the transition to chaos, Int. to an intermittent behaviour. W is
the region where the drops become walkers, just below the Faraday instability threshold.
thus be obtained. For increasing accelerations of the same drop they show successively the
simple bouncing, then the period doubling and transition to chaos. The bouncing is thus very
similar to that of a solid ball on a vibrating solid plate (Tufillaro and Albano 1986) and we
observe the same transition to chaos with a period doubling scenario.
When several identical bouncers coexist at the surface of the liquid, their waves interact. In
the regime of simple bouncing, when the drops are close enough, they slowly drift towards each
other until they reach a fixed distance d . Each drop is then a source of propagative capillary
waves. A steady regime is formed where each drop bounces with a forced periodicity, in the
same trough of the sum of the waves emitted by the two drops. This steady regime occurs
when the two drops are at a distance d slightly smaller than the wavelength λ0 of the forcing
frequency f0. If several drops are placed on the surface, the drops then form a cluster of drops
at this same distance d (figure 3(c)).
When one of the drops accidentally coalesces, the remaining drops rearrange themselves
to keep this same distance between them. The drops are then organized in a cluster of triangular
Γ
D [mm]
Figure 1.7: Bouncing droplets, on a 50 Hz oscillating bath, experience diﬀerent bounc-
ing modes which depend on their diameter D and the bath acceleration Γ . The liq id
used for droplets and the bath is 50 cSt silicone oil. Region Bouncers corresponds to
simple droplet bouncing, PDB to period doubling bouncing, PDC to a transition
to chaos, Int to an intermittent behavior and W is the walker region, situated just
below the Faraday instability region (from [25]).
1.3.4 Faraday instability
When the forcing acceleration is too large, the bouncing is limited by the Fara-
day instability. Indeed, when a liquid bath is vibrating vertically, Faraday has
demonstrated, in 1831, that its interface r mains ﬂat until a critical cceleration
is exceeded [31]. Above this threshold, a ﬁeld of wav s appea s at the interface,
parametric standing waves oscillating with half the forcing frequency [3237].
The form of such Faraday waves depends on the container geometry. However,
boundary eﬀects can be minimized when using a large container. The Faraday
waves have a wavelength prescribed by the relative importance of the surface
tension and the gravity, being respectively capillary and gravity waves in the
short and long wavelength limits. In Fig. 1.8, Faraday waves are created on the
surface of a 20 cSt square silicone oil bath (11x11 cm2), oscillating at 80 Hz at
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1 cm
Figure 1.8: Stationary Faraday waves oscillates at half the of forcing frequency f0/2.
They are excited on a 20 cSt Silicone oil surface.
an acceleration just above the Faraday threshold. As the forcing acceleration is
increased, more complex wave patterns arise progressively, and the interfacial
dynamics become chaotic [3638]. Ultimately, large amplitude forcing leads to
the surface fracture and the ejection of droplets from the ﬂuid bath [39,40].
Assuming capillary waves (Bo  1) in an unbounded and inﬁnite depth
liquid, a Faraday wavelength can be infered :
λF = (2pi)1/3(σ/ρ)1/3(f0/2)−2/3. (1.7)
and the critical acceleration needed to induce parametric instability is given
by [36,41]
ΓF ∝ 1
g
(ρ/σ)1/3νf5/30 , (1.8)
where ν is the kinematic viscosity of the ﬂuid. The origin of these equations is
also detailed in [8].
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1.3.5 Wave propelled ratchets and drifting rafts
Near the Faraday instability threshold, the bouncing of the droplet can become
sub-harmonic (cf. Fig. 1.6b) and the drop can become the source of a local
Faraday wave packet. Motionless bouncing droplets, when isolated, can be
assembled and form a bound states that spontaneously moves on the surface
(cf. inset in Fig. 1.9a). The bound state has to be made of uneven droplets
in order to induce a symmetry breaking in the waves emitted outwards (cf.
Fig. 1.9a). In reaction, the bound state moves on the surface at a speed of
the order of 3 mm/s. Such a means of propulsion, by reaction to the emission
of surface waves, was one of the mechanisms proposed to explain the motion
of water striders [42], even if more recent works [43] have shown that in this
case the emission of vortices is the dominant eﬀect. In this experiment, as
the reaction depends on the frequency and the amplitude of the waves, bound
states of uneven size droplets present reversals in their motions when one of the
drops undergoes sub-harmonic period doubling (cf. Fig. 1.9b). Aggregates of
uneven size droplets can also be formed, the asymmetry leading to spontaneous
translation or rotation (cf. Fig. 1.9c). The publication related to this study is
presented in Appendix E
(a) (b)
(a)
( ) (b)
(b)
(a) (b)
(c)
Figure 1.9: In the inset, a photograph of self-assembled bouncers forming self-
propelled bound states. The two droplets are 20 cSt silicone oil of diameters of 0.73mm
and 0.89mm. The 20 cSt silicone oil bath oscillates at 80 Hz. (a) Viewed from the top.
The two droplets are simple bouncers and the ratchet is pushed by the largest droplet
since it emits a wave of larger amplitude. Thus the bound state propagates to the
right. (b) The smaller droplet has undergone a period doubling and emits a Faraday
wave of larger amplitude : the bound state propagates to the left. (c) An asymmetric
crystalline aggregate made of simple bouncers rotating around itself. [7]
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1.3.6 Walker droplets
Couder et al. [1] have shown a particular state for bouncing droplets. In the
vicinity of the Faraday instability, the droplets generate an extended wave ﬁeld
on the bath. Moreover, through the waves that are occurring, some droplets are
able to walk horizontally across the liquid surface. Several factors are needed
to sustain a so-called walker [4]. Firstly, the drop has to bounce at half the
forcing frequency, so that it resonates with the resulting Faraday wave ﬁeld.
Secondly, the bath is to be close to the Faraday instability threshold so that
Faraday waves of large amplitude and spatial extent can be excited subcritically
by the drop impacts. The droplet bounces on the slope of the wave emitted at
the previous bounce and so receives an impulsive force in a speciﬁc direction,
along which it walks with a constant speed. These walkers are located in the
W region of Fig. 1.7. Such walkers have both wave and particle components
and have been shown to exhibit quantum-like dynamical behavior previously
thought to be peculiar to the microscopic realm [2,3, 5, 6].
The analogy is even stronger, interactions in between these walkers - orbital
motion, repulsion - have been studied in detail [25, 44]. Consequently, we can
associate to this walker a system composed of a wave ﬁeld interacting with a
particle. Couder et al. demonstrated that this system obeys a diﬀraction law
when passing trough a submarine slit [2]. More precisely, after interaction, the
walker follows the same spatial distribution statistics as a photon or an electron
diﬀracting through a slit. Interference patterns have even been observed during
a double slit experiment.
The following step was the examination of a tunnel eﬀect for the walkers.
When a walker collides with a submarine barrier, a part of the waves produced
by the walker is transmitted and the other part is reﬂected. The consequence
is that the walker either reﬂects oﬀ the barrier or passes through it. Depending
on the height of this barrier, the passing probability has been measured as a
function of this potential barrier [3]. The tunneling probability is shown to
decrease when the width or the height of the barrier increases. Conversely, it
increases when approaching the Faraday instability.
One of the latest papers by Couder and his co-workers [5] reports the ob-
servation of walkers on a rotating bath. The walker, being subject to Coriolis
and centripetal forces, orbit in the frame moving with the bath. These orbits
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can be quantiﬁed as being very close to the Faraday instability threshold. By
identifying the de Broglie wavelength as the Faraday wavelength, once again
an analogy can be made with quantum mechanics. Indeed, charged particles
moving in magnetic ﬁelds are equivalently subject to a force perpendicular to
the direction of motion and can only occupy discrete orbits with discrete energy
values, called Landau levels.
The quantization of droplets orbits evidence a memorization of the path fol-
lowed by the walker. Successive bounces of the walker are stored in the Faraday
waves and the closer to the Faraday instability the more eﬀective is the quan-
tization and the path memory. The latter is being investigated experimentally,
numerically and theoretically by Eddi et al. [4]. When interacting with obsta-
cles, walkers exhibit diﬀerent dynamics depending on the importance of this
path memory. A careful analogy is made in this paper between the dynamics
of these walkers with quantum particles. That reminds of the pilot wave theory
initiated by de Broglie [45] in 1926. However, a diﬀerence is that the storage
of information in the wave ﬁeld piloting the droplet - a particle - seems to be a
necessary condition to observe the quantum-like behavior in experiments.
1.3.7 Quantum behaviors
Diﬀraction through a slit, wave interferences and tunnel eﬀect are well known
in the microscopic world where they are explained by quantum mechanics. The
latter is based on a probabilistic theory while our macroscopic world is governed
by deterministic theories, this is paradoxal. Bush has written a interesting
paper [6] pointing out similarities between the macroscopic experiments and
the microscopic eﬀects. Couder's microscopic-like experiments are all founded
on the interaction of a particle and the emitted guiding wave. A walker is an
association of a droplet and a wave, the one cannot exist without the other.
This could reawaken the pilot wave theory, a microscopic theory that has been
overtaken by the Copenhagen interpretation. The former theory, ﬁrst introduced
by de Broglie [45], has been revisited by Bohm [46]. For the ﬁrst time, this theory
has a macroscopic analogy.
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1.4 Relevant questions
The state of the art demonstrates that the bouncing droplet problem has huge
consequences ranging from the fundamental understanding of physics to the
industrial manipulation of droplets. These researches are at their beginning.
As long as discoveries are made in this domain, more intriguing questions and
ideas of experiments arise.
Couder rationalized the observation of the acceleration threshold for the
bouncing of highly viscosity droplets on a highly viscous bath, which is observed
to start at Γb = 1 and to increase as f2 [23]. However, low viscous droplets have
a threshold Γb lower than 1 with several minima at diﬀerent frequencies [47,48].
Does it mean that deformations and ﬂows induced in the droplet are aﬀect-
ing the drainage ﬂow? Besides, we demonstrated that above the acceleration
threshold, the droplet periodically bounces without aging. Below the threshold,
we observed that the bouncing droplet coalesces after a ﬁnite time. Is this a
consequence of the particularity of the lubrication force acting from the air ﬁlm
on the droplet? Depending on the frequency and the size of the droplet, partic-
ular deformation modes are excited. Can we model our observations? Taking
advantage of certain deformations can we achieve some microﬂuidic processes,
e.g. droplet displacement, merging or emulsiﬁcation?
A bouncing droplet follows complex trajectories which can be periodic. The
dependence on the initial conditions plays a key role. For the same set of pa-
rameters, diﬀerent trajectories are observed. Trajectories of a droplet bouncing
on a soap ﬁlm or of a bouncing ball on a vibrated plate have been investigated
theoretically [26, 49]. Can we develop such a theoretical or a numerical model
on the droplet bouncing on a vibrating bath? Can we extend this model to a
deformable bath and explain the interesting behavior of the walkers?
1.5 Strategy
1.5.1 Dimensionless analysis
Let us strive to have a global view of the problem. A liquid droplet of diameter
D bounces on a liquid interface oscillating sinusoidally at a frequency f and
an amplitude A. The bath and the drop liquids are characterized by kinematic
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viscosities νb and νd, densities ρb and ρd, and surface tensions σb and σd ,
respectively. The whole is submitted to the gravitational acceleration g. This
system can be described in terms of 9 controlled physical variables leading to
6 independent dimensionless groups, which we choose to be ρd/ρb, D/A, Γ =
4pi2Af2/g, f
√
ρdD3/σd, and two Ohnesorge numbers, one for the droplet Ohd =
νd
√
ρd/σdD and the other for the bath Ohb = νb
√
ρb/σbD, which indicate the
relative magnitudes of the viscosity forces and the surface tension forces. Note
that we should also consider the physical parameters related to the surrounding
gas, the air. This has not been done because, all over the experiments the
surrounding gas, will be air at ambient temperature and pressure which are
supposed to remain constant.
D
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Figure 1.10: Schematic illustration of a droplet bouncing on a vibrating liquid bath.
Relevant parameters are the gravity acceleration g, the droplet diameter D, the vis-
cosity ν, the density ρ and the surface tension σ for the bath and the droplet, the
amplitude A and the frequency f of the oscillating plate.
1.5.2 Ohnesorge numbers phase diagram
The angle from which we choose to attack the problem is the bouncing droplet
question related to the deformability of either the bath or the droplet or both
or none. Ohnesorge numbers of the bath and of the droplet indicate how oscil-
lations are damped by viscosity. These parameters can be used to characterize
the diﬀerent behaviors of the bouncing droplet. On Fig. 1.11a, we have plotted
a selection of bouncing droplet studies on a map depending on the Ohnesorge
numbers Ohd and Ohb. We adjusted the plotted areas for a better visualiza-
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tion. Obviously, these two parameters are not suﬃcient to describe unequivo-
cally the behaviors of the droplets. Parameters such as the Reynolds number
Re = γD/ων could also be used to evaluate the size of the crater. The map on
Fig. 1.11a is a projection of the phase diagram on a 2D map deﬁned by Ohd and
Ohb. The ﬁrst model for the threshold has been developed by Couder et al. [23]
for highly viscous droplets on a highly viscous bath, it is located at the top
right corner of the map. Protière et al. investigated the interactions of droplets
through the capillary waves they emitted and initiated fundamental studies on
the walker's mechanism [1,25,44,50,51]. Using oil of viscosity 50 cSt, this series
of experiments were based on small droplets emitting waves on the liquid sur-
face, they are located on the left upper part of the map. Eddi et al. performed
quantum-like experiments with 20 cSt silicone oil. They are also based on the
interaction of small droplets (walkers) with their emitted waves [3, 4]. Exper-
iments on ratchet motion, drifting rafts, Archimedean lattices and oscillations
in crystal of droplets were performed with the same set of experimental con-
ditions [7, 29, 30]. All these experiments are located near the 50 cSt region of
the map. Fort et al. changed the viscosity of the droplet and the bath in order
to change the length of the Faraday waves emitted by the walkers [5], these
experiments on the Landau levels are located in grey around the two previous
described regions.
1.5.3 Exploration of the map
On Fig. 1.12a, we summarized the Fig. 1.11 in four extreme regions of the map
where oscillations of the droplet or on the bath are relatively damped by the
viscosity. Sketches illustrated the general behavior of the droplets: high or low
deformable droplets on a highly or low deformable bath. We positioned our
strategy on Fig. 1.12a and completed the diagram of Fig. 1.11 with our works
and publications on Fig. 1.12b1. Note that we used two possibilities to vary the
Ohnesorge number of the bath and the drop, i.e. the droplet size and the liquid
viscosity.
1Even if we did not developed in this manuscript the small droplets that we observed to
bounce in Tibetan singing bowls [8], the lifetime measurements of 50 cSt droplets on a bath
of the same viscosity [52] and the wave propelled ratchet [7], we represented these works on
Fig. 1.12b.
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Figure 1.11: A selection of relevant works on bouncing droplets are plotted as a func-
tion of both Ohnesorge parameters Ohd and Ohb of the experiments. These represent
the relative damping of the oscillations on the droplet and on the bath.
In this manuscript, we started by isolating the droplet deformation eﬀects of
the bouncing from the bath deformation in Chapter 2. We used large droplets
of low viscosity silicone oil on a highly viscosity bath (cf. map on Fig. 1.12a). In
Section 2.1 of this chapter, we described the resonant mode that can be excited
on a droplet ( [47] on Fig. 1.12b). In Section 2.2, we measured the bouncing
acceleration threshold as a function of several controlled parameters. Above
this threshold, bouncing is periodic and a droplet bounces sustainably. Below
this acceleration threshold, a ﬁnite bouncing lifetime, originating from an evo-
lution of the air ﬁlm leading to the death of the droplet, is observed ( [53] on
Fig. 1.12b). Due to the peculiarity of the lubrication force acting on the bounc-
ing droplet, we observed major diﬀerences compared with the bouncing ball, its
solid counterpart. We then developed a bouncing droplet model in Section 2.3
to rationalize the bouncing threshold and the ﬁnite lifetime of the droplet below
the bouncing threshold ([48,53] on Fig. 1.12b). Taking advantage of a particular
mode of deformation, we performed a double emulsion in a compound droplet
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Figure 1.12: (a) Four extreme cases are spotted on Fig. 1.11, when oscillations are
damped or not on the bath and on the droplet, i.e. Oh of the bath and of the droplet
is large or small, respectively. Three extreme regions were visited in Chapter 2, 3 and
4 which are illustrated on the map. (b) We added to Fig. 1.11 all the works and the
publications that are developed in this manuscript (except [7, 8, 52]).
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made of two immiscible ﬂuids. We observed an emulsion threshold that we show
in Section 2.4 ( [54,55] on Fig. 1.12b).
In Chapter 3, to simplify, we considered small bouncing droplets, which
slightly deforms, on a highly viscous bath. We started, in Section 3.1, by in-
vestigating the deformation and the restitution coeﬃcient of droplets bouncing
on the bath when the bath is static. Section 3.1 is the basis of Section 3.2,
where we studied the bouncing trajectories of these small droplets on the highly
viscous bath when it was oscillating (cf. map on Fig. 1.12a). When the forc-
ing acceleration or the frequency is tuned, droplets take various trajectories.
We highlighted several periodic bouncing modes in Section 3.3, with a spring
bouncing on a solid plate (blue disk on Fig. 1.12b). The spring parameters were
adjusted from the study of the droplets falling on the static highly viscous bath.
A non-instantaneous impact and a trajectory varying with the frequency are
the reasons why it was necessary to develop such a model contrasting with the
classical bouncing ball model.
We have naturally extended our study of these small droplets to a highly
deformable bath in Chapter 4 (cf. map on Fig. 1.12a). In Section 4.1, we have
observed small droplets falling on a static low viscous bath (20 cSt Silicone oil).
We then constructed, in Section 4.3, a bouncing phase diagram that we discussed
based on the observations made on the highly viscous bath in Chapter 3. After
that, we presented a bifurcation diagram of a droplet that is able to walk on
the surface. We discussed this diagram with measurements of the bouncing
trajectories and gave an explanation of the speed of these walkers. To close the
chapter, we proposed an extension of the model, developed in Chapter 3, taking
the deformation of the bath into account. This study joined the previous works
that are located in the Walker 20 cSt region on Fig. 1.12b.
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As stated in the strategy section, we start by studying the relevance of
droplet deformations in the bouncing problem, while choosing to inhibit any de-
formations of the liquid bath. In Section 2.1, we present the deformation modes
of droplets bouncing on a highly viscous bath that oscillates. The bouncing
acceleration threshold Γb is observed versus the forcing frequency f according
to the deformation mode. Beyond it, the bouncing is stable whereas below it
is characterized by a lifetime. In Section 2.2, we present threshold and lifetime
measurements as a function of the forcing parameters. In Section 2.3, we then
build a model which is valid for the ﬁrst bouncing mode in order to rationalize
previous observations. This is the reason why some ﬁts are plotted on experi-
mental measurements and are explained later. Finally, in Section 2.4, we develop
a method to make double emulsion in compound drops taking advantage of the
droplet deformations.
2.1 Droplet deformation modes
In this section, according to the forcing frequency, speciﬁc vibrational modes
of the droplet are excited which are attributed to spherical harmonics similar
to those introduced by Rayleigh [56]. Then, we evidence their eﬀect on the
bouncing threshold. Eventually, taking advantage of an asymmetric mode of
deformation, we uncover a mode of self-propulsion. The droplet, called a roller,
translates horizontally on the surface of the bath.
How to obtain a non deformable bouncing surface
As we want to study the bouncing of a droplet on a rigid surface, we tried
diﬀerent approaches in order to obtain such a surface. A simplistic way could
have been using a solid plane. Unfortunately, a droplet cannot start bouncing
without inevitably entering in contact with the solid plane surface because the
air ﬁlm collapses immediately due to the roughness of the surface [57]. To delay
this rapid collapse, a perfectly smooth liquid could be spread out on the surface
of the solid plane to take advantage of both the rigidity of this plane and the
smooth interface of the liquid. However, the thickness of this layer is not ﬁnely
controllable.
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That is for these reasons that we opted for the following system. We focussed
on a highly viscous silicone oil bath, of viscosity ν = 1000 cSt of about 1 cm
depth. With such a bath, the capillary waves are fully damped as the Ohnesorge
number Oh = ν
√
ρ/σD is about 7, when taking the droplet diameter D ∼
1 mm as the typical crater size. The Reynolds number Re = ΓgD/ων is small,
typically about 0.01, which ensures that the bath can be considered as a ﬂat
and rigid surface. The bottom of the container does not inﬂuence the bouncing
droplets since the bath depth is larger than the penetration depth
√
ν/f which
is about 6 mm for a droplet bouncing at 25 Hz. Note that we did not observed
Faraday waves on the 1000 cSt bath as Faraday threshold ΓF is higher than
the accelerations we investigated. More precisely, the threshold ΓF is 20 times
higher than on a 50 cSt silicone oil bath, as predicted by Eq. 1.8.
Deformable droplets
Droplets of silicone oil were produced using a syringe and needles of diﬀerent
sections. The droplets diameter was D = 1.53 mm of silicone oil of viscosities
ranging between 1.5 and 100 cSt. Their Ohnesorge numbers Oh were 0.01, 0.06
and 0.56 for droplets of viscosity 1.5, 10 and 100 cSt respectively. The damping
of the droplet oscillations thus becomes much more eﬃcient when the viscosity
is increased.
Experimental considerations
A container, typically a cylindrical Petri box of diameter 10 cm and height
1 cm, is made to vibrate vertically via an electromagnetic shaker GW-V55 or
GW-V20 according to a sinusoidal motion A sin (2pift) (cf. Fig. 1.10). An ac-
celerometer (PCB-Piezotronics, 352C65), which delivers a tension proportional
to the acceleration with a factor of 101.2 mV/g, is glued on the vibrating plate.
With the latter linked to an oscilloscope, we measured the maximal dimension-
less acceleration of the plate Γ = 4pi2Af2/g, where g is the acceleration of the
gravity. All the acceleration values in this manuscript are given with an error of
2%. In appendix A, B and C, the reader will ﬁnd information on silicone oils,
experimental techniques for generating droplets and appropriate lighting used
for images analysis.
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2.1.1 Seeking the acceleration threshold for bouncing
Periodic bouncing only occurs when Γ is higher than a threshold value Γb. We
created a droplet bouncing on the bath at a frequency f and an acceleration
Γ > Γb. The forcing amplitude was then slowly decreased. At each decrement,
the droplet was left bouncing on the bath for several minutes, if coalescence
occurred during that time, Γb was reached. Since the droplet and the bath were
made from diﬀerent liquids, when coalescence occurs the bath is contaminated
locally. To carry on our experiments, it was thus necessary to lay the droplets
at diﬀerent locations on the bath.
In Fig. 2.1, the threshold acceleration Γb is represented as a function of f ,
for droplets of diameter D = 1.53 mm with viscosities ν = 1.5, 10 and 100 cSt.
Here are our observations:
• The threshold acceleration for the 100 cSt droplet increases monotonically
with the frequency and is always higher than 1 as demonstrated by Couder
[23]. However, when the droplet viscosity is lower than the one used by
Couder, the threshold does not increase following a power 2 law of the
frequency f . The exponent is higher, closer to 3.5.
• We observed two minima on the 10 cSt curve. We could not initially ex-
plain why the ﬁrst minimum was lower than 1 as reported in the Couder's
bouncing mechanism [23].
• Three regularly spaced local minima are present on the 1.5 cSt curve at
50, 150 and 275 Hz. It suggests a resonance of the system: a minimal
energy supply is required to sustain the periodic bouncing motion. The
ﬁrst minimum, at f = 50 Hz, occurs for Γb = 0.25, a value signiﬁcantly
less than the 1 g minimal threshold required by inelastic bouncing objects
on a vibrating plate [49].
2.1.2 Uncovering the resonant states
We examined the behavior of droplets at the minima of the 1.5 cSt curve rep-
resented in Fig. 2.1. Using a high speed video camera, we recorded movies of
droplets bouncing just above the acceleration threshold for each minimum. We
observed modes of deformation which are analogous to the natural modes of
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Figure 2.1: Evolution of the bouncing threshold acceleration Γb with respect to the
forcing frequency. The red bullets (•), green circles () and blue bullets (•) correspond
to droplets with viscosity ν =1.5, 10 and 100 cSt respectively, for a constant diameter
D = 1.53 mm. Depending on the forcing frequency, various modes are observed that
are related to spherical harmonics Y m` .
deformation introduced by Rayleigh [56] and are expressed in terms of spherical
harmonics Y m` . We denoted by Y
m
` the vibrational mode with m nodal merid-
ians and (` − m) nodal parallels. The fundamental mode for bouncing is the
mode Y 02 . On Fig. 2.2, movie snapshots of the observed deformation modes Y
m
`
are represented, on each line, with m = 0 and ` equals 2, 3 and 4, respectively.
They are observed, at the acceleration threshold Γb, for forcing frequencies cor-
responding to the diﬀerent minima in the threshold acceleration curve: Y 02 , Y
0
3
and Y 04 modes occur at a frequency of 50, 160 and 275 Hz, respectively. The
higher the frequency, the higher the order of the excited mode, and the higher
the corresponding acceleration threshold. The ﬁrst column shows the droplet
shape during the landing phase while the second column shows the free fall.
Each image was constructed from an experimental snapshot of the droplet (the
right hand side) and the calculated 3D spherical harmonic (the left hand side in
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color). The third column was obtained by subtracting the image of the columns
A from the image of the column B. This evidences the nodal parallels, high-
lighted by orange points, which are the intersection of the nodal parallels with
the vertical projection of the drop.
At the maximum, we also noted (we will be coming back to this later) that an
asymmetric mode Y 12 is present at a local maximum of the threshold curve. We
observed that these droplets roll horizontally on the liquid surface. As the bath
deformations are not necessary, this mode of self-propulsion contrasts drastically
with the bouncing walker mode described by Protière et al. [44]. Indeed to
obtain these walkers, the liquid bath has to oscillate at an acceleration close to
the Faraday instability threshold.
In 1879, Lord Rayleigh [56] described the natural oscillations of an inviscid
droplet. Since these oscillations are due to the surface tension, the natural
frequencies scale as the capillary frequency fc =
√
σ/M , where M = piρD3/6 is
the droplet mass. More exactly, the dispersion relation brings out the natural
"Rayleigh" frequency fR related to a `-mode:(
fR(`)
fc
)2
= F (`) =
1
3pi
`(`− 1)(`+ 2) (2.1)
The function F (`) may vary (frequencies are shifted by a multiplicative factor),
depending on the way the droplet is excited [58, 59]. For free oscillations, this
Eq. 2.1 is degenerated according to them parameter. In Fig. 2.3, threshold data
obtained for various droplet sizes collapse on a single curve by using the Rayleigh
scaling. At the bouncing threshold, the vertical force resulting from the coupling
between the deformation and the lubrication force in the air ﬁlm balances the
gravity. One may deﬁne a characteristic length Lc = g/f2c corresponding to
the free fall distance during the capillary time 1/fc. As shown in Fig. 2.3, the
threshold amplitude Ab = Γbg/(4pi2f2) scales as the length Lc, regardless of the
droplet size. The minimum value of Abf
2
c /g does not vary signiﬁcantly with the
mode index `. The natural frequencies deﬁned in Eq. 2.1 neither correspond
to the threshold minima nor maxima. However, these frequencies multiplied by
1.20 give the maxima positions, at f/fc = 1.20, 2.19 and 3.39 for ` =2, 3 and 4
respectively. By analogy to previous works, this numerical factor is thought to
depend on the geometry of the excitation mode (bouncing in this case) : e.g.
another factor of about 0.74 is obtained when the droplet is stuck on a vibrating
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Figure 2.2: Axisymmetric deformation modes of a bouncing droplet of diameter
D = 1.53 mm corresponding to the three minima of the acceleration threshold curve
represented in Fig. 2.1 for ν=1.5 cSt. The two ﬁrst columns represent snapshots taken
at diﬀerent phases of the oscillation, i.e. during landing and ﬂying. The spherical
harmonic solutions (in color on the left) are superposed to the experimental pictures
(in grey on the right). Subtraction of the two ﬁrst columns are presented in the third
column. Nodal parallels are highlighted in orange.
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solid surface [58,59]. Rigorously, this factor depends slightly on `. On Fig. 2.4,
we plotted the dimensionless frequency as a function of ` for the theoretical case
of a levitating droplet given by Eq. 2.1, the sitting droplet experiments [58], and
our measurements in the case of a bouncing drop. All data points are ﬁtted by
Eq. 2.1 with an adjustable prefactor which is 0.74 for the sitting droplet as
predicted by [58] and 1.20 in our case.
2.1.3 Analysis of the bouncing mechanism
The bouncing droplet may be considered as an oscillating system analogous
to the damped driven harmonic oscillator in which the surface tension is the
restoring force and the viscosity the damping process. The dimensionless ratio
between both phenomena is the Ohnesorge number. When Oh 1, the viscous
damping is negligible and the resonance is acute. Damping increases as Oh gets
closer to 1. As seen in Fig. 2.1, the bouncing droplet responds to an increased
damping in the same way as the harmonic oscillator : (i) the resonance frequency
slightly decreases, shifting the whole threshold curve to the left, (ii) the required
input Γb increases and (iii) extrema tend to disappear. At 100 cSt (Oh = 0.775),
the damping is fully active, the threshold curve increases monotonically with the
frequency and no more resonance is observed. This high-viscosity behavior has
already been observed by Couder et al [23] for 500 cSt droplets bouncing on a
500 cSt bath. Those authors proposed to model the threshold curve by Eq. 1.6
detailed in Section 1.3.2. This equation is obtained by considering only the
motion of the mass center of the droplet and the squeezing of the air ﬁlm between
a deformed droplet and bath under higher apparent gravity. This theory is not
applicable in our case because we observe a minimum in the threshold curve
Γb(f) combined with a Γb value much lower than 1 for the ﬁrst minimum.
In our case, deformations are large. The deformation dynamics is more likely
inﬂuencing the air drainage dynamics. That is the reason why, in Section 2.3, we
developed a bouncing model in which droplet deformation dynamics are taken
into account in the lubrication force to rationalize our observations. According
to this model, minima in Γb curves correspond to a resonance phenomenon of
the system droplet-air ﬁlm.
So far, we can propose an intuitive mechanism to explain the extrema: the
bouncing ability of the droplets results from the combination of (i) the droplet
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Figure 2.3: Dimensionless amplitude Ab/Lc as a function of the reduced forcing
frequency f/fc. Red bullets (•), green squares ( ) and blue circles () symbols cor-
respond to droplets of viscosity ν = 1.5 cSt and diameter D = 1.53 mm, 1.62 mm and
1.86 mm respectively. Note that red bullets (•) are the same measurements as those
presented on Fig. 2.1. Modes Y 02 , Y
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the threshold curves correspond to frequencies that are obtained by multiplying the
Rayleigh natural frequencies Eq. 2.1 by a factor 1.20.
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Figure 2.4: Dimensionless resonant frequencies of a droplet that deforms following
the deformation mode Y 0` as a function of `. In blue, we plotted, for ` = 2, 3 and 4, the
theoretical natural frequencies of a levitating inviscid droplet prescribed by Eq. 2.1 [56].
In green, we plotted the measurements of the resonance of a sitting droplet on a solid
plate that is vibrating [58]. In red, we plotted our measurements of the resonance of a
bouncing droplet. Dashed lines are plots of Eq. 2.1 with an adjustable prefactor which
is indicated on the graph. These are guides for the eyes.
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deformation that stores potential energy and (ii) the vertical force that results
from the squeezing of the intervening air layer between the droplet and the bath.
The injection of energy by the bath is distributed between (i) translational en-
ergy of the droplet (the droplet bounce), (ii) internal kinetic energy due to the
internal liquid motions in the droplet, (iii) the work consumed by the lubrica-
tion force and (iv) surface energy due to the deformation. Minima (maxima)
in the threshold curve correspond to a maximum (minimum) of the ratio of
energy converted to translational energy. Note that the maxima in threshold
correspond to boundaries between modes. At those points, corresponding to a
forcing frequency of 1.20 fR, the most energy is spent in internal motions : the
droplet resonates and absorbs energy.
In order to validate the mechanism that we propose, we started some exper-
iments on the visualization of the internal ﬂows in a bouncing drop. We used
an optical method called Particle Image Velocimetry (PIV). Some ﬂuorescent
microspheres of diameter 15µm were dispersed in a 5 cSt silicone oil droplet
of diameter 1.5 mm. This droplet was laid on an oscillating 1000 cSt silicone
oil bath. The droplet was lit by the side with a vertical laser layer (green laser
ND:YAG emitting at 535 nm). The microspheres ﬂuoresce in orange and emit
light at 580 nm. The microspheres motion were recorded from the side and
perpendicularly to the laser beam, using a high speed camera Phantom v9.1
from Vision Research with a ﬁlter. Some snapshots of a bouncing droplet are
displayed on Fig. 2.5. Using PIV, we observed that a ﬂow is induced at the
impact. Indeed, the bottom of the droplet receives a kick when the droplet
lands, capillary waves are emitted and the top of the droplet ﬂattens in turn.
When the droplets take oﬀ, the microspheres are observed to nearly come back
to their initial positions. Tracking the microspheres on the snapshots taken at
each period where the droplet is at a maximum of its trajectory, we revealed
a slow internal recirculation of frequency of about 0.5 Hz, far below the exci-
tation frequency. This ﬂow is suggested on Fig. 2.5 by white arrows. We are
now investigating the characteristics of this recirculation as a function of the
forcing acceleration Γ and frequency f . We observed that the frequency of the
recirculation increases with Γ . We could also evidence the ﬂow in each of the
deformation modes. It would also be interesting to observe the ﬂow in a walking
droplet [1]. Is the walker droplet rotating?
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Figure 2.5: A snapshot of a bounce (at a maximum of trajectory) of a 5 cSt silicone oil
droplet on a high viscous bath that oscillates at 50 Hz and at an acceleration Γ = 2.5.
The internal ﬂows are revealed by ﬂuorescent microspheres.
2.1.4 A self-propelled mode
In the vicinity of the ﬁrst maximum in the threshold curve, at 115 Hz, the
droplet moves along a linear trajectory in a manner analogous to the walkers
observed in [1, 25]. In the latter study, 50 cSt droplets with a diameter of
1 mm were produced on a 50 cSt silicon oil bath. The mechanism causing the
walking motion is the interaction between the droplet and the bath surface wave
generated by the bouncing. Such a mechanism does not work in the case of a
1000 cSt silicon oil bath. Indeed, the generated waves are rapidly damped and
cannot be responsible for the motion of the droplet. A movie of this droplet
was recorded using a high speed camera (Fig. 2.6a). Two ﬁrst images A and
B are separated by half of a period of the forcing oscillation and the third one
is a subtraction of the ﬁrst and the second images (B − A). The deformation
is not axisymmetrical as in the resonant minima of the threshold acceleration
curve. We identiﬁed this mode as being related to ` = 2 and m = 1 and
being characterized by two orthogonal lines of nodes as enhanced in orange
on the third image of Fig. 2.6a. This highlights the existence of two ﬁxed
points located on the equator of the droplet. As the line of nodes does not
follow the axisymmetric geometry, those ﬁxed points move. More precisely, the
plate gives a kick to the asymmetric drop which is set in rotation. The drop
thus deforms itself following the mode Y 12 which turns around two ﬁxed points
which correspond to the intersection of the two lines of nodes. The rotation
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enhances the regeneration of the air ﬁlm and induces drop motion in a straight
line. This is a way to observe the Y 12 mode of deformation, which is generally
degenerated together with the Y 02 mode since Eq. 2.1 depends only on `. At
the ﬁrst maximum, a droplet in the Y 02 mode cannot bounce while a droplet in
the Y 12 mode bounces and rolls. As far as Rayleigh frequencies are concerned,
we thus observed a break in the degeneracy of the modes Y 02 and Y
1
2 on the m
parameter.
Some tracers, given by Yves, were placed in the droplet (cf. Fig. 2.6b). The
reﬂection of the light on these particles allows the following of the inner ﬂuid
motion, which clearly reveals that the droplet is rolling over the bath surface.
The speed v of the droplet which is observed to be constant was measured with
respect to the forcing parameters (amplitude and frequency). A scaling law
can be found when considering that the phenomenon can occur only above a
deﬁned cut-oﬀ frequency f0 ≈ 103 Hz and the amplitude threshold Ab(f) =
Γb(f)g/(4pi2f2) as
v = 2piα(A−Ab(f))(f − f0) (2.2)
where α is a constant. The speed is represented versus the characteristic speed
v∗ = (A−Ab(f))(f − f0) in Fig. 2.7. The proportionality between the speed of
the roller and v∗ is remarkable.
6
Figure4.Rollingmotionofthedroplet(top):modeY12ofabouncing
droplet(ν=1.5cSt,R=0.765mm)observedatf=115Hzand￿=4.5￿￿th.
Framesareseparatedby1ms.Thedropletisrollingtowardstheleft.Bottom:
therollingmotionisrevealedbysmallbrightparticlesspreadinsidethedroplet.
Movie2comparesthedropletinthemodeY12andthemathematicalfunction
fromMATLABTM.Movie3showsthemotionoftheparticlesinsidethedroplet
whenitrollsoverthesurfaceofthebath.Bothmoviesareavailablefrom
stacks.iop.org/NJP/10/113021/mmedia.
minimum)ofthetranslationaltointernalenergyratio.Maximamayberelatedtothecut-off
frequencyrecentlyobservedandtheoreticallyexplainedbyGiletetal[7].Thisfactisconfirmed
experimentally,sincethemaximainthresholdcorrespondtotheboundariesbetweenmodes.At
NewJournalofPhysics10(2008)113021(http://www.njp.org/)
a) b)
A B B −A
Figure 2.6: a) The rolling droplet deforms itself accordi g to a eformation m de
Y 12 . The bouncing droplet (ν = 1.5 cSt, D = 1.53 mm) is observed as a roller at
f = 115 Hz and Γ = 4.5 ≥ Γb. The two ﬁrst snapshots are separated by ha f a period
of the oscillating bath (∼ 4.5 ms). The droplet rolls and moves towards the right.
The third image which is a subtraction of previous ones reveals the two perpendicular
lines of nodes (highlighted in orange). The roller turns around the two ﬁxed points
which correspond to the intersection of both lines of nodes. b) The rolling motion was
revealed by small bright particles spread inside the droplet.
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Figure 2.7: Speed of the roller for various frequencies (listed in the legend) as a
function of the characteristic speed v∗. The droplet diameter is 1.53 mm while the
viscosity is 1.5 cSt.
Three characteristic frequencies are involved in the rolling process : (i) the
excitation time 100 Hz, (ii) the rotation of the liquid inside the droplet (about
10 Hz) and (iii) the translational motion (about 0.2 Hz) (Note that the droplet
travels a distance corresponding to its circumference once every 5 seconds). The
three processes are interrelated, i.e. the deformation induces the internal motion
which in turn induces the rolling and translational motions.
2.1.5 Other deformation modes
Deformation modes such as Y 02 , Y
0
3 and Y
0
4 are observed at the minima of the
Γb(f) curve just above the bouncing threshold acceleration. However, when we
increase Γ and vary the frequency f , we can excite various deformation modes
that can be described in term of spherical harmonics Y m` . Let us remember that
Y m` deﬁnes the vibrational mode of a deformable sphere withm nodal meridians
and (` −m) nodal parallels. Brunet et al. [17] studied the deformation modes
36
of sitting puddles of water that are vibrating and built a phase diagram as a
function of Γ and f . We chose to list all the modes of deformation that are pre-
dicted theoretically by Rayleigh [56]. These correspond to spherical harmonics
with diﬀerent ` and m = ±`. These theoretical deformation modes are repre-
sented in Fig. 2.8a for ` ranging from 0 to 4. By varying the frequency f and
the forcing acceleration Γ , we sought those deformation modes. Snapshots of
the deformation modes that we observed experimentally are listed on Fig. 2.8b,
the forcing parameters are noted on each snapshot. The ﬁrst mode Y 00 cannot
be encountered for liquid droplets as it is a mode of compression and decom-
pression. The next modes Y 01 and Y
1
1 are simply modes of translation. The
Y 02 , Y
0
3 , Y
0
4 modes and the roller mode Y
1
2 are indicated on the ﬁgure. We also
observed modes Y 22 , Y
1
3 , Y
3
3 and one corresponding to one of the mode Y
1
4 , Y
2
4
or Y 34 . The Y
4
4 mode was also observed but not reported on the ﬁgure. Higher
modes are diﬃcult to identify. The bouncing droplets are an easy and relevant
way to illustrate spherical harmonics.
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2.2 Focusing on the deformation mode Y 02
In the previous section, we observed minima in the acceleration threshold curves
as a function of the frequency which corresponds to diﬀerent deformation modes.
In this section, we focused on the ﬁrst minimum corresponding to the deforma-
tion mode Y 02 and we investigated the stability around that threshold. Ad-
ditional experiments were performed : they concern threshold measurements,
lifetime measurements and air ﬁlm thickness dynamics.
The stability of bouncing droplets was investigated above the threshold (Γ >
Γb) for an homogeneous system, i.e. the droplets bouncing on a bath made of the
same liquid [52]. Both were characterised by a low Ohnesorge number Oh ∼ 0.4.
The droplet vertical motion was shown to be periodic (as well as the evolution
of the air ﬁlm thickness). The droplets experience a ﬁnite lifetime that depends
on the viscosity, the forcing parameters, etc. This fact has been related to
the probability of an air ﬁlm collapsing which is supposed to be linked to its
thickness. An activated process like an Arrhenius law has been imagined [60,61].
Nevertheless, the droplets with Oh ≥ 1 may bounce for a very long time that we
considered to be inﬁnite [1, 25]. Below Γb, no signiﬁcant lifetime was observed:
the droplets coalesce quickly with the bath.
The situation is completely diﬀerent in heterogeneous systems (i.e. low
viscosity droplets on a highly viscosity bath). On a vibrating bath with Γ >
Γb, the droplets lifetime exceeds 15 minutes and is thus considered inﬁnite.
However, when Γ < Γb, the droplet may bounce for a few tens of a seconds before
coalescing. This ﬁnite lifetime depends on viscosity and forcing parameters
(acceleration Γ and frequency f).
2.2.1 Bouncing threshold measurements of Y 02
We performed here some additional measurements of the bouncing threshold.
Using a syringe, silicone oil droplets of diameter 1.53 mm with viscosities 1.5,
10, 50 and 100 cSt were placed on a vibrating bath of 1000 cSt silicon oil. The
forcing frequency was tuned between 25 and 100 Hz. In this frequency range,
the droplet deformation is accurately modeled by the spherical harmonics Y 02 .
The threshold Γb is determined experimentally as described in Section 2.1 : at a
ﬁxed frequency, a droplet is created on the bath at an acceleration high enough
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to bounce and then the amplitude is decreased until coalescence (it can occur
after a few tens of seconds). For highly viscous droplets of kinematic viscosity
ν ≥ 100 cSt (Fig. 2.9d), the threshold acceleration is always higher than 1 and
increases monotonically with the frequency (as predicted by Couder et al. [23])
but much more quickly than f2. However, for lower droplet viscosities, the
threshold can be lower than 1 and a minimum occurs in the Γb(f) curve. At
high frequencies, the Γb(f) curve increases strongly with the frequency.
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Figure 2.9: a) Acceleration threshold Γb required for the bouncing for various drop
viscosities: (a) ν = 1.5 cSt, (b) ν = 10 cSt, (c) ν = 50 cSt and (d) ν = 100 cSt. The
solid line corresponds to the model prediction, with coeﬃcients cL2 = 17.5, cK = 0.1,
cσ = 16pi/5 and cD = 3 (cf. Section 2.3).
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Information about the air ﬁlm thickness can be obtained by using low pres-
sure monochromatic sodium lights. The experimental setup is presented in
Appendix B. Indeed, since the ﬁlm thickness is typically micrometric, interfer-
ence fringes are observed. According to [23,52], the number of fringes is related
to a thickness of the ﬁlm in a complex (but monotonic) way. These fringes are
recorded from the top with a high-speed camera.
Above the threshold Γb, the evolution of the fringes is periodic which in-
dicates that the droplet bounces periodically without aging, i.e. there is no
thinning of the air ﬁlm (on average). An aliasing technique, detailed in Ap-
pendix B, is used to overcome the 100 Hz oscillation of the lamp. On Fig. 2.10,
snapshots of a droplet bouncing at f = 26Hz and Γ = 0.92 detail one bounc-
ing event. Fringes appear when the droplet and the bath start to interact. A
maximum number of fringes is visible when the air layer is minimum e = emin.
Interference fringes then disappear when the droplet lifts oﬀ.
1 mm
emin
Figure 2.10: A droplet bounce - Successive snapshots of interference fringes (accen-
tuated with black arcs) made by a bouncing droplet. The snapshots are separated by
8 ms. The number of observed fringes is directly related to the ﬁlm thickness which
varies between 100 nm and 10 µm. An increasing number of fringes is visible when the
droplet lands and squeezes the air ﬁlm (until the third column), then the number of
fringes decreases as the droplet lifts oﬀ.
2.2.2 Lifetime below the bouncing threshold
Below the acceleration threshold the droplets are observed to bounce and co-
alesce after a period varying from a few seconds to a minute. The droplets
are gently laid onto the vibrating bath set to an acceleration Γ between 0 and
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Γb(f) for 4 forcing frequencies, f = 25, 50, 75 and 100 Hz. They are subject
to a low deformation, typically of about 5 to 10 % of their radius. The lifetime
is measured starting from the ﬁrst bounce on the bath. At least 18 droplets
are used for each set of parameters. The standard deviation of the measured
lifetime is reported as a typical error bar.
To begin with, we studied the statistical distribution of the lifetime of 10 cSt
silicone oil droplets of diameter 1.68 mm at f = 75Hz when the forcing acceler-
ation is smaller than the threshold Γb. In Fig. 2.11, the cumulative distribution
function is plotted for Γ = 0.45 (Γ = 0.15Γb) and Γ = 1.8 (Γ = 0.6Γb). Note
that the mean lifetime < τ > is subtracted from measurements. Two cumulative
distributions were ﬁtted by error functions (the continuous lines on Fig. 2.11).
These correspond to Gaussian distribution functions for the lifetime which are
typical of an aging process. In general, we observe that the distribution of mea-
sured lifetimes is much narrower for the value of Γ that is the closest to the
bouncing threshold Γb.
0
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-15 0 15
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" = 0.60 "bΓ = 0.60Γb
Γ = 0.15Γb
CDF
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Figure 2.11: Cumulative Distribution Function CDF of the normalized lifetime of
the bouncing droplets of diameter 1.68 mm (f = 75Hz, ν = 10 cSt) at various forcing
accelerations (blue •) Γ = 0.45 (Γ = 0.15Γb), (red •) Γ = 1.8 (Γ = 0.6Γb). The
lines represent ﬁtted cumulative distributions function for Gaussian distribution which
is typical of an aging process.
42
t = 0 s (1) t = 0.8 s (80) t = 1.6 s (160) t = 2.4 s (240)
t = 3.2 s (320) t = 4 s (400) t = 4.8 s (480) t = 5.6 s (560)
1 mm
Figure 2.12: Below the bouncing threshold, the air ﬁlm under a droplet thins at
each bounce. Successive snapshots of the interference fringes (highlighted by black arcs)
taken when the air ﬁlm thickness is minimal, for a droplet bouncing at f = 100 Hz,
Γ = 0.22Γb and ν = 100 cSt. The number of fringes decreases with time, indicating a
progressive diminution of the average ﬁlm thickness. The number of bounces from the
start is indicated in brackets on each snapshot.
In order to connect the lifetime and the air drainage mechanism, the air
layer thickness was observed while studying the interference fringes for Γ = 0.5
(Γ = 0.22Γb), f = 100 Hz and ν = 100 cSt. In these conditions, the mean
lifetime is about 20 s. Fringes are visible during the whole lifetime of the droplet.
The ﬁlm thickness is estimated to oscillate between 100 nm and 10 µm. In
Fig. 2.12, fringes are shown for oscillating phases corresponding to the minimum
in ﬁlm thickness emin. The number of fringes progressively decreases, which
demonstrates that, even if the ﬁlm is partially regenerated at each bounce, it
drains out progressively and slowly.
Lifetime measurements of droplets of diameter 1.68 mm as a function of the
forcing acceleration Γ are presented on Fig. 2.13a, b, c and d corresponding to
the forcing frequencies f = 25, 50, 75 and 100 Hz, respectively. On each ﬁgure,
three sets of data points are plotted corresponding to three droplet viscosities,
ν = 10, 50, 100 cSt. Measurements have also been made (but are not reported
here) with a 1.5 cSt droplet, whose lifetime was less than 1 s when Γ < Γb.
The vertical dotted lines correspond to the bouncing threshold Γb. Below Γb, at
a ﬁxed frequency, the lifetime curves present an optimum which increases with
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the viscosity. Positions of these optima seem to depend only on the frequency in
the same way as the bouncing acceleration threshold Γb. Nevertheless, it seems
that the inﬂuence of viscosity cannot be assessed by simple scaling arguments.
As seen on the error bars of Fig. 2.13 and conﬁrmed by our statistical analysis
(Fig. 2.11), the scattering of experimental data is very important when Γ  Γb,
while the lifetime seems more predictable for larger values of Γ .
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Figure 2.13: Lifetime τ of bouncing droplets of 1.68 mm diameter as a function of the
forcing acceleration Γ for various droplet viscosities and forcing frequencies. The bath
is made of 1000 cSt silicone oil. Symbols are (green ) ν = 10 cSt, (blue ◦) ν = 50 cSt
and (red •) ν = 100 cSt. The vertical dotted lines are the bouncing thresholds Γb
for the drops corresponding to each series of data points. Forcing frequencies are a)
f = 25Hz, b) f = 50Hz, c) f = 75Hz, d) f = 100Hz.
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2.3 Building up a model
We propose the following model in order to describe the Γb dependence on the
forcing frequency f and the droplet viscosity ν. It explains also the ﬁnite lifetime
below Γb. The idea being that a droplet stores energy in its successive defor-
mations. During this process, the deformation inﬂuences the air ﬁlm drainage.
We can expressed the Newton equations for the droplet considering two external
forces, the apparent gravity force and the lubrication force. Energy is dissipated
by the viscosity in the ﬂuid motion inside the droplet and in the air ﬁlm through
the lubrication force. In order to have a periodic bouncing, the energy loss has
to be completely recovered by the vibrating bath through the lubrication force.
The motion of the droplet mass center (mass M) is conﬁned to a vertical
axis. The droplet bouncing can be modeled with two scalar ordinary diﬀerential
equations describing the vertical position xc of the mass center and the vertical
deformation η of the droplet (Fig. 2.14a). As we work with a rigid bath, we
consider the bath as a perfectly smooth solid. During its ﬂight, the droplet
experiences an apparent weight Mg(Γ cos (2pift− 1)) in a frame moving with
the bath. The droplet is stressed by the surrounding air, resulting in a vertical
force FL, which depends on the thickness e of the ﬁlm and its rate of decrease
e˙ can be estimated by the lubrication theory [13].
The movements inside the droplet also have a signiﬁcant inﬂuence on the air
ﬁlm drainage. The air ﬂow is assumed to be axisymmetric and can be modeled
by a Poiseuille ﬂow between two parallel planar interfaces. In the frame of the
bath, the bottom interface is at rest, while the upper moves with a vertical
velocity equal to e˙ and a horizontal velocity proportional to η˙r/R, where r is
the radial cylindrical coordinate, R the radius of the unstrained droplet and η˙
the vertical deformation speed (Fig. 2.14b). Therefore, the lubrication force
from the air ﬁlm on the droplet is given by
FL = cL1µaR
4
(
cL2
η˙
e2R
− e˙
e3
)
, (2.3)
where cL1 and cL2 are positive constants and µa is the dynamic viscosity of
the air. According to the lubrication theory, cL1 = 3pi/2. The parameter cL2
represents the inﬂuence of the ﬂow inside the droplet on the ﬂow in the air ﬁlm.
It cannot be estimated by simple arguments.
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Newton's second law applied to the droplet is written as
M
d2xc
dt2
=Mg(Γ cos 2pift− 1) + FL. (2.4)
For practical reasons, we use e = xc −R− η instead of xc. The evolution of
η is prescribed by an energy transfer balance in the frame of the mass center of
the droplet:
d(K + E)
dt
= −PD − PF , (2.5)
where K is the kinetic energy of the motion inside the droplet, E is the potential
interfacial energy and PD is the power lost to viscous dissipation power inside
the droplet. The power developed by FL, called PF , is supposed to be equal to
η˙FL. A convenient way to estimate K, E and PD as a function of η refers to the
potential ﬂow related to unimodal inﬁnitesimal capillary waves at the surface
of a droplet [9]. As we observed that only the mode Y 02 is present, coeﬃcients
are computed for this deformation mode and given in Table 2.1.
r 0
∝ η˙r
R drop
bath
air
x
xc
0
η
R
A cos (2πft)
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e˙
e
Figure 2.14: a) Geometrical variables of the bouncing droplet model : R is the
radius of the undeformed droplet, xc is the distance between the droplet center of mass
and the bath, e is the air ﬁlm thickness on the x axis and η is the vertical droplet
deformation about the axis of symmetry. b) The air ﬂow between the droplet and the
bath is modeled by a Poiseuille ﬂow between two parallel planar interfaces separated
by a distance e. The lower interface behaves like a wall while the upper one moves
with a horizontal velocity proportional to η˙r/R and a vertical velocity equal to e˙.
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Law Y 02 mode
K = cKMη˙2/2 cK = 3/10
E = cσση2/2 cσ = 16pi/5
PD = cDνMη˙2/R2 cD = 3
Table 2.1: Constitutive laws for the energy balance of the droplet deformation. The
parameter ν is the kinematic viscosity of the droplet, and σ is its surface tension. The
second column gives the theoretical coeﬃcients cK , cσ and cD for deformation modes
Y 02 .
2.3.1 At the bouncing threshold and beyond
We observed that the bouncing droplet motion is periodic beyond the acceler-
ation threshold Γb and that the air ﬁlm thickness decreases when the droplet
does not bounce. Consequently, the solutions of the system should be periodic.
Forcing the Eq. 2.4 and Eq. 2.5 to be periodic requires the following [48]:
• a mechanism of potential energy storage (droplet deformation) has to be
taken into account to ensure the equations' periodicity. The droplet has
to spend more time in an oblate state (η < 0) than in a prolate state
(η > 0). This has been veriﬁed experimentally in [52];
• internal movements in the liquid phase, related to the deformation rate,
must have a signiﬁcant inﬂuence on the ﬁlm drainage and the resulting
lubrication force. A signiﬁcant phase shift between the minimum ﬁlm
thickness and the maximum compression must be observed;
• this model is minimal, if one of the physical eﬀects listed above is omitted,
no periodic bouncing solution can be found; and
• there is a cut-oﬀ frequency f2c = 14pi2 cσcK above which the model cannot
predict bouncing. This frequency corresponds to the natural resonance of
the Y 02 deformation mode, when the droplet is directly excited (i.e. not
excited through the air ﬁlm dynamics).
In order to compare the model predictions with the experimental data shown
in Fig. 2.9(a) to Fig. 2.9(d), we made a single ﬁt on cL2 and cK while the
theoretical values for the mode Y 02 are taken for cD = 3 and cσ = 16pi/5 (cL1 is
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not present in equation to ﬁt). The values obtained (cL2 , cK) ∼ (17.5, 0.1) are
close to the values estimated theoretically (Table 2.1). Using results from the ﬁt,
we plotted the model prediction for the acceleration threshold on each curve of
Fig. 2.9. The comparison with the experiments is acceptable, both qualitatively
and quantitatively. The model reproduces all main features of the Γb(f) curves
including the minima for low viscosities and divergence for high frequencies. For
an oil droplet with a diameter of 1.53 mm bouncing in Y 02 mode, resonance is
observed at a maximum frequency of 51 Hz when the viscosity is less than 32 cSt,
and the cut-oﬀ frequency is about 165 Hz. The quantitative discrepancies may
be due to the fact that only a pure Y 02 deformation mode is considered in our
model. A detailed formulation of the model has been published in Ref. [48].
2.3.2 Below the bouncing threshold
When Γ < Γb, the droplet does bounce but the air ﬁlm is not completely re-
newed. The droplet behaves like a simple forced oscillator. The thickness of
the air ﬁlm e(t) decreases with time and the droplet eventually coalesces when
the ﬁlm reaches a critical thickness. Considering this, the time τ necessary to
reach the critical thickness can be derived from the model. The model param-
eters are set by the ﬁts of the Γb measurements. Furthermore, τ is a function
of a parameter τ0 deﬁned as the lifetime that could be obtain without forcing
acceleration (Γ = 0). In Fig. 2.15, we represent a schematic illustration of the
normalized lifetime τ/τ0 as a function of the normalized acceleration Γ/Γb for
a low frequency (f → 0 Hz) and a high frequency (f ∼ 100 Hz). The curves
corresponding to intermediate frequencies are of the same shape and are located
in between these two curves.
In Fig. 2.16a, the lifetime is plotted as a function of the forcing acceleration
for various droplet viscosities and for f = 100 Hz. The acceleration is normalized
by the threshold acceleration Γb. The lifetime decreases and tends to 0 with
increasing Γ , then abruptly goes to very high values when Γ reaches Γb. The
steepness of the curve clearly underlines that Γb represents a threshold to reach
permanent bouncing. On the one hand, at f = 100Hz, the lifetime decay occurs
for characteristic accelerations approximately Γ ' 0.5Γb, whatever the viscosity.
On the other hand, we can see in Fig. 2.16b that the decay acceleration increases
proportional to Γb when the forcing frequency is decreased, shifting the whole
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lifetime curve to the right. This experimental fact, which cannot be explained
by simple arguments, is rationalized by the model.
As seen in Fig. 2.16a and 2.16b, those curves correctly ﬁt the decreasing
part of the experimental data with the only ﬁtting parameter being τ0. The
complex variation of τ0 with the droplet viscosity, mass, etc. is unfortunately not
predictable by the model. However, the model does correctly capture the slow
decrease of the lifetime with increasing Γ , followed by a sharp divergence at the
threshold acceleration Γb. As in experiments, the decay in τ(Γ ) is right-shifted
when the frequency is increased. The increasing trend of τ(Γ ) for very small
values of Γ is not predictable by the model. It is likely that other uncontrolled
parameters (e.g. the residual ﬂows created inside the droplet when it is laid on
the bath) considerably inﬂuence the lifetime at very low forcing accelerations.
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Figure 2.15: Schematic illustration of the normalized lifetime τ/τ0 as a function of
Γ/Γb, according to the bouncing model [53] for a low frequency (f → 0 Hz) and a high
frequency (f ∼ 100 Hz). Curves corresponding to the intermediate frequencies are of
the same shape and are located in between these two curves.
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Figure 2.16: a) Lifetime τ of bouncing droplets, at f = 100 Hz, as a function of
the normalized acceleration Γ/Γb for various droplet viscosities. (•) ν = 10 cSt, ()
ν = 50 cSt and (N) ν = 100 cSt. Solutions of the model are represented by dashed
curves. b) Lifetime τ of bouncing droplets as a function of the normalized acceleration
Γ/Γb for a droplet viscosity ν = 10 cSt at various forcing frequencies. (•) f = 25 Hz,
() f = 75 Hz and (N) f = 100 Hz. Solutions of the model are represented by dashed
curves.
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2.4 A high deformation mode enabling a double emulsion
After observing various droplet deformations, we thought about taking advan-
tage of them to perform some microﬂuidic process. As a matter of fact, droplets
can be put into horizontal motion on the bath by tuning the frequency and
exciting the roller mode (Y 12 ). Several bouncing droplets, possibly made of dif-
ferent chemicals, can coalesce and merge with each other. When two immiscible
drops are put together, the liquid with the lower surface tension surrounds the
other one. A compound drop laid on an oscillating bath can bounce. Addition-
ally, a double emulsion, namely an emulsion inside an emulsion, can be obtained
in a compound drop bouncing, on a highly viscous bath, far above the bounc-
ing threshold. Indeed, large deformations are excited which are followed by
non-linear behaviors. Using oil and water, we can create a sort of mayonnaise
droplet. In the following section, we detail an experimental method to create
such a double emulsion, oil in water in oil, starting from a single compound
drop (water in oil).
We start by determining experimentally the parameters (forcing and mixture
composition) required to produce a double emulsion from a compound drop. In
order to rationalize these observations, we analyze the behavior of a compound
drop impacting a static liquid surface. The link between experiments made with
a static and a vibrating bath is ﬁnally made by measuring the trajectory of a
bouncing oil drop on a vibrating interface.
2.4.1 The emulsions: motivation
Emulsion-producing companies start to show interest in the endless applications
oﬀered by double emulsions. Droplets of a liquid A are encapsulated in a drop
of a liquid B, which is itself surrounded by a third immiscible liquid C (which
can possibly be the liquid A). The liquid B is mainly used to protect A from
C, or to delay the mixing of A with C. This strategy can be useful to the food
industry [62] or in pharmaceutics for a prolonged delivery of drugs [63].
During the past few decades, the scientists have been concerned by the
production, the complex structure and the possible metastability of compound
drops and double emulsions. Their stability may be enhanced by the use of
surfactant molecules [64,65] or microparticles [66]. The well-deﬁned production
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of these multiphasic objects is complicated. Loscertales et al. [67] presented a
method to produce micrometer/nanometer compound drops using the action of
electro-hydrodynamic forces. Chiu et al. and Chen et al. [68,69] produced com-
pound drops with an outer diameter of about 700 to 1000 µm with the help of a
piezoelectric generator and studied the results of their impact on a hot surface.
Prunet-Foch et al. [70] investigated the impact of compound drops in simple
emulsion on a solid substrate. Traditionally, double emulsions are formed in
microchannels [71] or by shear-induced rupturing [72, 73], usually in two emul-
siﬁcation steps. This way, a ﬁrst emulsion is created with two immiscible ﬂuids
and then this emulsion is again emulsiﬁed in a third continuous phase. More
recently, some other fabrication processes were developed in order to generate
relatively well-controlled double emulsions in one step [74]. Hereafter, we de-
velop an original method to emulsify a compound drop which is based on the
repeated impacts and rebounds of it onto a liquid interface.
2.4.2 Creating a compound droplet
The initial compound drop results from the merging of a distilled water drop
(density ρw = 1000 kg/m3 and kinematic viscosity νw = 1 cSt) and a silicone
oil (from Dow Corning) drop (density ρo = 850 kg.m−3 and kinematic viscosity
νo = 1.5 cSt). The surface tension of the oil (relative to the air) is σo/a =
16.8 mN.m−1. In order to favor the deformations of the water/oil interface, an
anionic surfactant, sodium dodecyl sulphate (SDS), is added in the water drop,
at a concentration 10 times higher than the Critical Micellar Concentration
(CMC). The resulting interfacial tension between oil and water is estimated
according to the natural oscillations of a water drop immersed in oil [9, 26]:
σw/o =
3pim
8T 2
[
1 +
2ρo
3ρw
]
= 7.1mN.m−1 ± 1.0mN.m−1, (2.6)
where m is the mass of the drop and T is the period of its ﬁrst mode of self-
oscillation (spheroid). This estimation is in good agreement with a direct mea-
surement (σw/o = 8.6± 1.0 mN.m−1) using the pendant drop method measured
with an optical goniometer CAM200 (KSV Instruments).
The compound drop generation device consists of two syringes (one for each
liquid) whose nozzles are connected by a thin copper wire curved downwards
(cf. Fig. 2.17) [75]. The surfactant solution drop (light blue in Fig. 2.17),
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created with the ﬁrst syringe, slides along the wire and stops at the lowest point.
Then, the oil drop is released from the second syringe (yellow in Fig. 2.17); it
slides down and encapsulates the water drop. The resulting compound drop is
suﬃciently large to spontaneously detach from the ﬁber, fall and start bouncing
onto the oscillating liquid surface, approximately 5 mm below. The bouncing
motion was recorded at 1000fps with a fast video camera (IDT-N3).
Encapsulation
Free fall
Γ
Oil Surfactantsolution
Figure 2.17: The compound drop is created by using two syringes connected by their
ends by a thin copper wire. A water and an oil drop are respectively released from each
syringe, they slide along the ﬁber and stop at the lowest point where they eventually
merge. The compound drop detaches itself from the ﬁber and falls onto the oscillating
liquid bath.
The volume of each drop is ﬁne-tuned by selecting the needle diameter and
the wire width [75]. We tested ﬁve compositions of millimetric compound drops
(Table 2.2). In order to evaluate the inﬂuence of viscosity on the deformations,
the Ohnesorge number Oh = ν
√
ρ/σD has been successively estimated from the
diameter D of the compound drop and the liquid properties of oil and water.
In all cases, this Ohnesorge number is less than 0.01, so the drop deformations
are slowly damped. Conversely, as the bath is made of 1000 cSt silicone oil, its
deformations are quickly and fully damped by the viscous eﬀects and so may be
neglected.
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Symbols Ωw[µL] Ωo[µL] Ωcd[µL] Dcd[mm]
  1.1 1.05 2.15 1.60
♦ 1.75 0.68 2.43 1.67
O 1.29 1.29 2.58 1.70
4 1.42 2.10 3.52 1.89
◦ 2.99 1.15 4.14 2.00
Table 2.2: Composition and volume of the diﬀerent tested compound drops (5 sizes).
The columns represent, respectively, the water volume Ωw, the oil volume Ωo, and the
total volume Ωcd and diameter Dcd of the compound drop.
2.4.3 Bouncing threshold
As for single drops, we observed sustained bouncing of compound drops when
the amplitude of the forcing vibration exceeds a threshold which value depends
on the forcing frequency and the drop properties (surface tension, viscosity and
size among others). For the frequencies investigated, 25 to 130 Hz, the relatively
small deformations may be associated with the spherical harmonic function Y 02 .
We measured the bouncing threshold of compound drops of volume 2.15 µL (cf.
composition in Table 2.2) by placing these drops on a vibrating bath and then
decreasing the forcing amplitude until coalescence. The measurements () are
reported on Fig. 2.18. The minimum in the bouncing threshold curve is clearly
visible. As demonstrated in previous sections of this chapter, a minimum is a
characteristic of the low viscosity bouncing droplets. It is a consequence of a
resonance of a highly deformable droplet coupled with the drainage of the air
ﬁlm between the drop and the bath.
2.4.4 Emulsiﬁcation threshold
We observed the spontaneous creation of a double emulsion for much larger forc-
ing amplitudes, when the bouncing trajectory becomes chaotic. During vigorous
impacts, the drop deformation may become so important that a tiny droplet of
the oil layer is injected into the water drop. This phenomenon is shown in
Fig. 2.19 for a compound drop of total volume 3.52 µL (4 in Table 2.2) and
forcing parameters (f, Γ ) = (50Hz, 4.4). According to these snapshots, the drop
ﬂattens out as soon as it impacts the bath. The resulting capillary waves start
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Figure 2.18: Bouncing threshold acceleration Γb () and emulsion threshold acceler-
ation Γe (, ♦, 4, ◦, O) as a function of the forcing frequency f . Symbols correspond
to various sizes of the compound drop, as detailed in Table 2.2. Black diamonds are
explained in Fig. 2.22 (cf. text).
propagating from the bottom to the top of the drop [76]. The convergence of
these waves at the top locally pushes the oil shell inside the water interface and
a pinch-oﬀ occurs so that an oil droplet is released in the inner water drop. This
mechanism of droplet creation through wave convergence and pinch-oﬀ is simi-
lar to what is observed in the partial coalescence of low viscosity drops [11,12].
By analogy, we may therefore expect a critical Ohnesorge number above which
these waves are damped and the water-oil interface no longer pinches oﬀ. Each
suﬃciently strong impact creates an additional oil droplet into the water drop
(cf. Fig. 2.20) and, by doing so, the initial compound drop progressively turns
into a double emulsion. The process comes to a stop when the numerous oil
droplets inside the water drop start to strongly dampen the capillary waves,
therefore preventing any additional pinch oﬀ. The large impact velocities could
weaken the air ﬁlm and lead to premature coalescence of the emulsion with the
underlying bath. Therefore, as soon as the emulsiﬁcation is completed, the forc-
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ing acceleration can be signiﬁcantly decreased in such a way that the bouncing
becomes smoother and much more stable. Then, the emulsiﬁed compound drop
can be manipulated, e.g. by adjusting the forcing parameters in order to excite
the so-called 'roller' mode of deformation, developed in Section 2.1, inducing a
drop motion.
The emulsiﬁcation behavior is only observed for high dimensionless forcing
acceleration Γ . A second threshold value Γe, where Γe > Γb, exists, above
which pinch-oﬀ occurs and the inner droplets are created. In order to measure
this threshold, a compound drop is gently released onto the oil bath oscillating
at an acceleration just above Γb. The forcing amplitude is increased step by
step, the frequency being ﬁxed. Three scenarios are observed: when Γ < Γb,
the compound drop quickly coalesces with the bath; when Γb < Γ < Γe, the
compound drop starts bouncing on the oil bath exactly as a monophasic drop
[23,47,48]; and when Γ > Γe, a double emulsion starts forming. Γe is measured
as a function of the forcing frequency for various drop sizes (cf. Table 2.2). The
emulsion threshold Γe(f) is reported in Fig. 2.18 for each of the 5 drop sizes
that we investigated, while the bouncing threshold Γb(f) is only reported for
the 2.15 µL drop ().
As we have already noted in Section 2.1, the bouncing threshold for a pure oil
drop depends on the drop size. Because bouncing is ensured by the deformation
of the oil drop, Γb only depends on the ratio between the forcing frequency and
the natural frequency of the drop deformation. The latter scales as
√
σo/a/M ,
where M is the total mass of the compound drop. Conversely, the emulsion
threshold Γe is not found to be much inﬂuenced by the drop size. The corre-
sponding curves in Fig. 2.18 collapse on each other when they are represented
as a function of f . While the volume is doubled from the smallest to the largest
drop (and so is the square of the natural frequency), the emulsion threshold
remains unchanged. Our conclusion is that the drop deformations are too large
to be directly aﬀected by the forcing frequency. The latter only inﬂuences the
emulsion threshold by modifying the height of the jump and so the strength of
impact. Nevertheless, it should be noted that emulsiﬁcation is not possible for
very large drops, for which even sustained bouncing is not possible. Indeed, it
has been shown [24] that for a given frequency, there is a maximum size of drops
that can bounce without coalescing.
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1 mm
Figure 2.19: A compound drop (4 in Table 2.2) bounces on a liquid surface vibrating
sinusoidally at f = 50 Hz and Γ = 4.4. The convergence of capillary waves on the top
of the drop pushes the oil layer inwards. The water-oil interface pinches oﬀ and a tiny
oil droplet is released into the water core.
1 mm
Figure 2.20: Each time the droplet impacts the bath with suﬃciently high velocity,
an additional oil droplet is injected into the inner water drop, progressively creating a
double emulsion of oil droplets into a water drop surrounded by an oil shell. The four
snapshots represent the same compound drop after 5, 20, 34 and 51 bounces.
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According to our direct observations and the discussion of Fig. 2.18, the
deformation of the compound drop plays a key role in the possible formation of
a double emulsion. The energy required to deform the drop mainly comes from
the kinetic energy released at impact. This energy originates from the relative
velocity Vi between the drop and the bath and is transferred into surface energy
just after the impact. Both the water/oil and the oil/air interfaces must be
taken into account in the calculation of the surface energy . The ratio between
the kinetic energy and the surface energy of the compound drop is given by the
Weber number, as deﬁned by Chiu et al. [68] :
We =
(
6
pi
)1/3 [ρwΩw + ρoΩo]
σo/a(Ωo +Ωw)2/3 + σw/oΩ
2/3
w
V 2i , (2.7)
The impact velocity Vi can be seen as the sum of the free fall velocity Vf of
the drop and the velocity of the vibrating bath Vb, i.e. Vi = Vf + Vb. We have
found interesting to calculate the maximum speed expected Vi. The free fall
velocity is given by Vf =
√
2gh, where h is the maximum height reached during
the ﬂight h = 0 corresponds to the mean position of the bath. The velocity
of the bath Vb varies between −Γg/(2pif) and Γg/(2pif), the most favorable
case for generating an emulsion being Vb = Γg/(2pif). For typical values of Γ ,
Vb ∼ 0.3 m/s, which is of the same order of magnitude as Vf . This conﬁrms
that both velocities must be taken into account in the deﬁnition of We.
In the following, we show that a single oil droplet can be created in the
water core of a compound droplet which impacts a static bath (Vb = 0). The
impact velocity being the free fall velocity Vf which is tuned by changing the
falling height. A critical value We = Wee exists above which the double emul-
siﬁcation is triggered. After that, assuming that the same threshold applies in
the vibrating case, we rationalize the emulsiﬁcation threshold Γe observed in
Fig. 2.18.
2.4.5 Impact of compound drops on a static liquid surface
We investigated the inﬂuence of the impact velocity Vi (and so We) by releasing
60 compound drops (with various compositions, listed in Table 2.2) from diﬀer-
ent heights onto an oil bath at rest. In Fig. 2.21a, the probability to encapsulate
an oil droplet in the water droplet is represented as a function of We. Data are
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binned in classes of 1.25 of width. The droplet generation is not possible for low
We and is systematic for high We. A smooth transition is observed in between,
where the probability p of emulsiﬁcation increases with We, a black line is used
as a guide to the eye. We deﬁned the critical Weber for emulsiﬁcation Wee
as being the Weber value for which the probability to create an oil droplet in
the water droplet is 50%. We chose to characterize the width of the transition
as being twice the size of one class, consequently we claim Wee = 5.7 ± 1.25.
The various compositions are presented together, since almost no eﬀect of the
relative sizes is evident in the experimental data. Nevertheless, we were expect-
ing that highly diﬀerent compositions/sizes would lead to diﬀerent values of the
critical We.
It is diﬃcult to characterize the inner oil droplet formed at the impact of the
compound drop on the static surface. The high curvatures of the air-oil and oil-
water interfaces behave as a lens that alters the apparent size and shape of these
tiny droplets. For a given composition, the relative size of the inner droplets
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Figure 2.21: a) Probability p for encapsulating an oil droplet in the water drop by
impacting on a static bath, as a function of the Weber number We. The black line is a
guide to the eye. The water-oil interface pinches oﬀ when We is higher than a critical
value Wee ' 5.7 ± 1.25. b) Diameter do of the inner oil droplets as a function of We.
The dashed lines are guides for the eyes. The symbols are the same as those used in
Fig. 2.18 and are explained in Table 2.2.
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can be estimated each time they pass through the center of the compound drop.
In Fig. 2.21b, we report the measurements of the relative size of an inner oil
droplet as a function of We. Only compound droplets of the same composition
(i.e. having the same optical magniﬁcation) can be compared to one another.
We observed that the diameter of the inner droplets increases with We.
2.4.6 Impact velocity on a vibrating liquid surface
It is reasonable to assume that the critical Weber number Wee does not depend
on the motion of the bath, provided that the relative impact velocity Vi = Vb+Vf
is considered in Eq. 2.7. Keeping in mind that Vb = Γg/(2pif) at maximum, we
can write that the emulsion threshold Γe is the dimensionless forcing acceleration
for which the resulting We = Wee. Unfortunately, the height of the rebounds
h, and consequently the free fall velocity Vf , also depend on Γ in a non-trivial
way, exactly as in the classical bouncing ball problem [49,77,78].
To evaluate h(Γ ), we recorded the trajectory of a drop of the same size as
the compound drops, but made only of oil (kinematic viscosity ν = 1.5 cSt
and volume Ωo = 2.15µL). The measurements were made for three forcing
frequencies f = 25, 50 and 75 Hz. We checked that the compound drop had
approximately the same restitution coeﬃcient  =
√
1−∆We/We ∼ 0.33 as
the pure 1.5 cSt oil drop, ∆We being the diﬀerence in We before and after
the bounce and We the Weber at impact. Therefore, the bouncing compound
drop may adopt the same trajectory as the oil drop for a given set of forcing
parameters (f ,Γ ). From the measurements of the heights reached by the droplet
during the bouncing, we calculated the falling speed Vf , then deduced Vi and
inserted these into the deﬁnition of the Weber number which, when rewritten
for a pure oil droplet, can be expressed as
We =
(
6
pi
)1/3 ρoΩ1/3o
σo/a
V 2i , (2.8)
It is represented as a function of Γ for f equal to 25, 50 and 75 Hz in Fig. 2.22,
each point corresponding to one bounce. We measured the height h experi-
mentally, then Vf and We are calculated through Eq. 2.8. The diagrams of
Fig. 2.22 are similar to the bifurcation diagram observed in the elastic bouncing
ball problem [79,80]. The important deformations of the drop make the trajec-
tory chaotic [81], leading to a large range of impact Weber numbers. We drew
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the envelope curve in green on each diagram and represented the maximum
impact Weber number expected for given forcing parameters (f ,Γ ).
The critical Weber number Wee = 5.7 ± 1.25, measured in the static case,
deﬁnes a range in Fig. 2.22 as indicated by two blue bold horizontal lines. Their
intersection with the envelope curve indicates the minimum forcing amplitude
Γe required to achieve double emulsiﬁcation. According to Fig. 2.22, the emul-
siﬁcation transition occurs at Γe ∈ [0.7, 1.4] for f = 25 Hz, at Γe ∈ [2.4, 2.9] for
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Figure 2.22: Relative Weber number We of an oil drop (ν = 1.5 cSt, Ωo = 2.15 µL)
impacting the bath vibrating at (a) 25 Hz, (b) 50 Hz and (c) 75 Hz, as a function of
the forcing amplitude Γ . Compound drops are assumed to experience the same range
of We for a given Γ . The emulsiﬁcation is triggered when We is higher than Wee
(range represented by the two blue bold horizontal lines). The dashed lines indicate
the corresponding range of Γe.
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f = 50 Hz and at Γe ∈ [4.5, 5.5] for f = 75 Hz. These values are reported in
Fig. 2.18 (black diamonds  with error bars indicating the range). Their good
agreement with the direct measurements of Γe conﬁrms that the relative Weber
number at impact is the relevant parameter to rationalize the emulsiﬁcation
threshold.
Summary
In this section, we have shown that double emulsions can be formed from a
compound drop (surfactant solution surrounded by an oil layer) permanently
bouncing onto a vibrating liquid surface. No contact with a solid part is involved
in the emulsiﬁcation process. Above a given threshold Γe in the dimensionless
amplitude of the vibration, the oil shell penetrates the water drop and leaves
a tiny oil droplet inside. As this phenomenon occurs at each impact, a double
emulsion (oil in water in oil) is progressively formed. We note that Γe depends
on the forcing frequency, but only weakly on the droplet size. The mechanism
responsible for the encapsulation is the convergence of capillary waves to the
top of the compound droplet.
In order to rationalize this emulsion threshold, we have investigated the
impact of a compound drop onto a static liquid surface. We have observed the
irreversible penetration of the oil shell within the water core above a critical
Weber number Wee. Finally, we have shown that Wee may be related to Γe by
considering the rebounds of the chaotic trajectory of the bouncing drop.
The bouncing ability of the compound droplet relies on the presence of a thin
air ﬁlm in between the droplet and the bath. Since the relatively large values of
Γ required for emulsiﬁcation could remove the air layer and lead to coalescence
with the underlying bath, the forcing amplitude is usually decreased as soon
as the emulsion is formed. The emulsiﬁed droplet can then be handled on the
bath surface by changing the forcing parameters (amplitude and frequency). For
example, it can be set into spontaneous motion [47], or several double emulsions
can be merged together. Controlled droplets bouncing could be a promising
way to manipulate liquids for microﬂuidic operations; this study proves that
spontaneous emulsiﬁcation is possible in that context.
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Chapter 3
At the limit of small
deformations
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Our aim is to simplify the system to the maximum extent possible and to
examine the inﬂuence of small deformations on the bouncing droplet trajectories.
To achieve that, we considered droplets which deform only slightly during their
bounce. We used a droplet dispenser (cf. Appendix C) to create small droplets
of 20 cSt silicone oil impacting a highly viscosity bath. To begin with, we
investigated the bounces of a droplet on a static bath. We measured the droplet
deformation as a function of the impact speed as well as a restitution coeﬃcient 
given by the ratio of the velocities after and before the bounce. In a second step,
we extended this investigation to droplets bouncing on an oscillating bath. We
proceeded as if the droplet was a bouncing ball. We reported droplet trajectories
as a function of the frequency f and the bath acceleration Γ in order to obtain
a bifurcation diagram with respect to Γ . For comparison, a typical bifurcation
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diagram, the one of the inelastic bouncing ball ( = 0), is presented on Fig. 3.1.
At low Γ , the ball simply bounces on the oscillating plate. At Γ ≈ 4, the
period of the ball doubles until the ball bounces one time each two periods of
the plate. For higher Γ , the ball encounters more bifurcation and even chaos.
Finally, using the results of the bouncing on a static bath, we developed a model
based on the analogy between a spring and a droplet in order to explain the
bouncing droplet phenomenon on a vibrating interface. We have analyzed this
model numerically. It proved to be very eﬃcient to reproduce the experimental
results.
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Figure 3.1: Bifurcation diagram of an inelastic ball ( = 0) bouncing on an oscillating
plate [49, 82]. We represented the ﬂight time t of the ball, normalized by a period of
oscillation of the plate T , as a function of Γ . Note that this diagram is independent of
the plate oscillation frequency and of the ball mass. Some particular modes, deﬁned
by two parameters (p, q), are noted on the diagram. The drop bounces q times while
the bath oscillates p times.
3.1 A bouncing droplet on a static liquid surface
We chose to work with droplets smaller than those examined in Chapter 2. They
were made of 20 cSt silicone oil which is an oil commonly used for the walking
64
droplets [1] and quantum-like experiments [25]. Using the dispenser, we made
identical droplets, of diameter D = 740µm. These were dropped from diﬀerent
heights (∼ 1 cm) on a static silicone oil bath of viscosity 1000 cSt and of depth
1 cm. The silicone oil parameters (surface tension σ, density ρ, viscosity ν) can
be found in Appendix A. We observed that the droplets bounce several times
on the bath before coalescing with it. Using a high speed camera, we recorded
12 experiments, from the side, at 2000 fps (frames per second), each of a single
droplet falling and bouncing. The experimental setup is detailed in Appendix B
and illustrated on Fig. B.1a.
On Fig. 3.2, a succession of droplet bounces is detailed. Based on movie
images, we constructed a spatio-temporal diagram according to the method
explained in Section 1.3.3 : the drop vertical centerlines of each image are
juxtaposed. The time elapses from left to right, its scale is represented on the
top right corner of the ﬁgure. On the ﬁgure, some snapshots illustrate the
droplet shape at diﬀerent moments along its trajectory. On each snapshot, the
white vertical line indicates the pixel line represented on the spatio-temporal
diagram. The vertical distance scale is also indicated on the top right corner of
the ﬁgure. Before impact, the drop is spherical and has a diameter D. Then, it
deforms due to the impact. The maximal droplet horizontal extension is denoted
by D + X. After that, the drop, which returns to a spherical shape, takes oﬀ
without entering in contact with the underlying liquid. Residual oscillations are
then rapidly damped by viscosity. Generally speaking, a droplet, falling from a
height of about 1 cm, bounces 2 or 3 times until it starts ﬂoating on the surface.
Eventually, the droplet coalesces when the air ﬁlm has drained out.
3.1.1 Deformation of a droplet during a bounce
For each bounce, we measured the maximal horizontal extension D +X of an
impacting droplet (cf. Fig. 3.2a) as a function of the impact Weber number
Wei = ρDV 2i /σ, where Vi is the speed of the drop at impact, ρ and σ are the
density and the surface tension of the droplet liquid. For each experiment, we
established the impact speed before the ﬁrst bounce by measuring the position
of the drop at diﬀerent times before the impact. We evaluated the impact speed
of two next bounces by measuring the maximal height h that the drop reached
between two successive bounces. It is important to note that the origin of the
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(b)
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D
D +X
Figure 3.2: Spatio-temporal diagram of a droplet of a 20 cSt silicone oil of diameter
D = 740µm falling on a static 1000 cSt silicone oil bath (highly viscous). Time elapses
from left to right. The droplet experiences several bounces of heights h1, h2 and h3.
These heights are measured from the center of mass of the droplet when it is ﬂoating
(white dotted line). The impact speeds of the bounces are V1 = 0.56m/s, V2 = 0.16m/s
and V3 = 0.07 m/s. Several snapshots illustrate the shape of the droplet at diﬀerent
moments of the bounce. (a) The droplet maximal deformation at impact is D + X.
(b) The droplet retakes a spherical shape after lifting-oﬀ.
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vertical axis is located at the center of mass of the ﬂoating droplet (just before
coalescence), which is represented by the horizontal dashed line on Fig. 3.2.
The two bounce heights h1 and h2 are measured, then respective impact speeds
are calculated from Vi =
√
2gh. Oscillations of the drop are damped in a
characteristic viscous time τν = νρD/σ ∼ 0.7 ms. Compared to the ﬂight time
after a bounce, typically a few tens of milliseconds, the oscillations do not aﬀect
the next bounce. Internal motions should also be rapidly damped by viscosity.
On Fig. 3.3a, the measurements of the dimensionless extension X/D of the
droplet are reported as a function of the impact Weber Wei for the three ﬁrst
bounces of each experiment. Error bars are estimated and indicated on each data
point, and are huge for the measurements of the third bounce. Nevertheless,
we plotted measurements for each of the 3 bounces of the 12 experiments and
these data points were ﬁtted by a power 1/2 law which is explained later.
In the vibrating case, droplets bouncing periodically on a bath oscillating at
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(b)
Figure 3.3: (a) Maximal deformation X/D of a 20 cSt silicone oil droplet of diameter
D = 740µm impacting a highly viscous bath as a function of the Weber number at
impact Wei. A power 1/2 law is plotted on the data points. (b) Weber number after
impact Wef as a function of the Weber number before impact Wei. Data points with
Wei < 1 and Wei > 1 are represented in red and blue, respectively. A linear law is
plotted in red on the data points (Wei < 1) indicating a restitution coeﬃcient  of
0.41± 0.02 which is independent on Wei. A power 1/2 curve is plotted in blue on the
the second series of data points (Wei > 1) as a guide to the eye.
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50 Hz and Γ = 1 usually reach a maximum height of 0.5 mm which corresponds
to an impact speed of about 0.10 m/s. Moreover, they impact the moving
bath whose speed is equal to Aω at maximum. As Aω is about 0.03 m/s for
Γ = 1, the maximal impact speed for those bouncing droplets is about 0.13 m/s
(Wei = 0.6). This corresponds roughly to the 2nd bounce shown on Fig. 3.2 for
which Vi = 0.16 m/s.
The range of impact speeds of our measurements of falling droplets on a
static bath is 0.05 to 0.6 m/s. For this series of speeds, since the Weber number
range is We = 0.1 to 10, kinetic energy is of the same order of magnitude as the
surface energy. Surface energy dominates when Vi is smaller than
VW =
√
σ
ρD
∼ 0.17m/s. (3.1)
For velocities lower than VW (We < 1), deformations are small during contact
and the shape can be modeled by an oblate spheroid of major axisD+X [83,84].
When X  D, the increase in surface of the oblate spheroid is proportional to
X2. We can write a simple energy balance between kinetic energy and surface
energy,
ρD3V 2i ∼ σX2 (3.2)
which yields,
X ∼ DWe1/2i . (3.3)
This scaling rationalized our measurements of the droplet maximal deformation
during a bounce and is presented on Fig. 3.3a. Okumura et al. [83] measured
the maximal extension of droplets impacting a hydrophobic surface and found
the same scaling law with a prefactor estimated being 0.13. Note that we
found a prefactor of 0.12 which is similar to their value. They rationalized their
measurements by the same energy arguments, starting from the Euler equation.
They noted that Eq. 3.3 is valid in the case where capillarity dominates gravity.
Indeed, a ﬂoating or sitting drop is deformed by gravity by an amount δ ∼
D3/8κ−2 as discussed by Mahadevan et al. [85]. The condition is thus written
as X  δ: the impact speed should be larger than a characteristic speed which,
in our problem, is evaluated as
Vc ∼
√
gD3/κ−2 ∼ 0.04m/s. (3.4)
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The corresponding characteristic Weber number is equal to Wec = 6.10−2. In
our system, impact velocities of bouncing drops on a static or an oscillating
liquid bath are always larger than the characteristic speed Vc.
For velocities much higher than VW (We 1), the impacting drop takes the
shape of a pancake. The higher the Weber number, the thinner the pancake.
Clanet et al. [86] observed that the maximal deformation diameter D+X of low
viscosity droplet impacting a hydrophobic surface, at high speed, scale asWe1/4.
They explained that, during the impact, the drop is subjected to an acceleration
much higher than the gravity, i.e. about 100 g. The latter is the cause of the
ﬂattening of the drop and dictates its maximal extension. During the impact,
the initial kinetic energy is not only transferred to the surface energy but also
to the internal kinetic energy; indeed, vortices were observed at the edge of the
pancakes.
3.1.2 Restitution coeﬃcient
In order to compare a bouncing droplet with a bouncing ball, the coeﬃcient
of restitution of the droplet has to be deﬁned, even if that coeﬃcient is not
perfectly appropriate. Successive heights, reached by the droplet during an
experiment, decrease. Actually, the droplet has an initial kinetic energy that
is converted in surface energy during the bounce (cf. Fig. 3.2a). The surface
energy is then restored and converted into kinetic energy of the center of mass
of the droplet and into kinetic energy of the internal liquid motion. The latter
is eventually dissipated by the viscosity while the kinetic energy of the center
of mass is converted into gravitational potential energy which is maximal when
the maximal height of rebound h is reached (cf. h1, h2 and h3 on Fig. 3.2b). By
measuring this potential energy, we found the impact speed of the next bounce.
For each bounce of the 12 experiments, we calculated the Weber numbers before
and after. We reported on Fig. 3.3b, the resulting Weber numbers after impact
Wef as a function of the Weber numbers Wei just before impact (in red for
Wei < 1 and in blue forWei > 1). Error bars have been estimated and indicated
on the ﬁgure. We observed that we have two dynamics depending on the impact
Weber number Wei. When Wei < 1, the Weber number after impact Wef is
proportional to Wei. A linear curve is ﬁtted on the red data points. That
indicates that the restitution coeﬃcient , the ratio between the speed of the
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droplet Vf after and the speed Vi before the bounce, is constant. We measured
a restitution coeﬃcient of about 0.4. When Wei > 1, the restitution coeﬃcient
depends on Wei. A power 1/2 curve is plotted in blue on the data points
(Wei > 1) as a guide for the eyes.
Richard et al. [84] experimentally explored millimetric water droplets im-
pacting a highly hydrophobic solid. They reported measurements of the resti-
tution coeﬃcient  as a function of the impact speed Vi. They observed that for
low velocities,  is about 0.9 and is independent of the impact speed. If there
was no loss of energy during the impact this coeﬃcient  should be equal to
1. They demonstrated that this loss comes from the internal motions that are
generated and persists after impact. They rejected the contact angle hysteresis
and the eﬀects of viscosity during impact as they used water droplets. When
Wei < 1, we found a restitution coeﬃcient of 0.41± 0.02 (our error is estimated
as the standard deviation of the weighted ﬁt) which is substantially smaller than
their value of 0.9. This diﬀerence could come from a dissipation by viscosity
during impact (our droplet viscosity is 20 times larger) but also from a dissipa-
tion in the air ﬁlm. Assuming that the ﬂow in the air ﬁlm is a combination of
Poiseuille, dissipation can occur due to the air viscosity and velocity gradients.
An eﬀect already highlighted in droplets bouncing on a soap ﬁlm [26].
Biance et al. [87] investigated impacts of water droplets on a hot surface,
they observed Leidenfrost droplets that bounce on their own vapor. The authors
showed that for Wei  1,  decreases as We−1/2i which suggests that Wef is
constant and does not depend on Wei. This observation has been rationalized
by a bouncing spring model in the case of high deformations, i.e. the maximal
deformation of the droplet D+X at impact is proportional toWe1/4 (pancake).
For We > 1, we observed that Wef scales as We
1/2
i thus Vf ∝ V 1/2i . This
is in contradiction with what Biance [87] observed. This could come from the
fact that our measurements are limited to a We of about 10 and we did not
observe the pancake behavior (high deformation regime). This is conﬁrmed by
the scaling found for the maximal deformation when We > 1. The dynamics
that we observed could be transient dynamics between the pancake regime and
the low deformation regime.
ForWe > 1, we should note that the contact time τc of bouncing droplets on
a hydrophobic solid surface is constant [88]. However, for We < 1, τc decreases
70
with Wei [83]. This value can be doubled when We  1. We also observed
that the contact time scales as D3/2 [88]. This is easily understandable when
we take into account that the droplet bounces on the solid in a time inversely
proportional to its natural frequency. The latter is given by Eq. 2.1. The
contact time τc thus scales as 1/fc =
√
σ/M where the mass M is equal to
piρD3/6.
What to keep in mind is that the typical speed at impact of droplets bouncing
on a vibrating bath has an impact Weber number Wei < 1 (at least just above
the bouncing threshold Γb). For Wei < 1, we observed that the coeﬃcient of
restitution  of droplets bouncing on a static bath is constant ( = 0.4) and does
not depend on Wei. The kinetic energy ρD
3V 2i available just before impact is
stored in surface energy σX2 and dissipated by the viscosity in the droplet and
by the viscosity in the air ﬁlm.
3.2 Bifurcation diagram of a bouncing droplet
Small droplets are laid on the highly viscous bath that is oscillating vertically.
We measured the bouncing threshold Γb for several sizes of droplets made with
the droplet dispenser (cf. Appendix C). The Γb(f) curves are presented on
Fig. 3.4 and scale as the capillary frequency fc as demonstrated in Chapter 2.
We can also observe that droplets are permanently bouncing for acceleration
lower than the gravity (Γb < 1). At the threshold, droplets are simply bouncing,
i.e. one bounce per oscillation of the bath, following the mode of deformation
Y 02 . The energy loss of the droplet at each bounce is compensated by an energy
input coming from the oscillation of the bath.
When Γ is increased, the droplets experience complex trajectories that can
be periodic over a few bath oscillations. Indeed, according to the phase, some
extra energy can be used for a higher bounce and at the next bounce the energy
given could be lower. However, on average the energy loss at each bounce has
to be balanced after a number q (an integer) of periods. These diﬀerences in
bouncing heights are characterized by diﬀerent times between successive bounces
which can be measured. We investigated the bouncing droplet trajectories as
a function of the forcing parameters of the oscillation of the bath. Firstly, the
forcing frequency f and the size of the drop D were ﬁxed and the trajectories
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Figure 3.4: The bouncing threshold acceleration Γb measurements for 4 diﬀerent
droplets with respective diameters D = 710µm (green  symbol), D = 890µm (blue
•), D = 1020µm (orange ), D = 1285µm (magenta ). The Γb(f) curves rescale
with the capillary frequency fc =
√
σ/M . The corresponding capillary frequencies are
fc,710 = 342Hz, fc,890 = 242Hz, fc,1020 = 197Hz, fc,1285 = 140Hz.
of a droplet were studied as a function of the forcing acceleration Γ . We high-
lighted several bouncing modes. Secondly, we studied the dependance of these
trajectories on the droplet size and forcing frequency.
Using a drop of 890µm on a bath oscillating at f = 50 Hz, we recorded the
trajectory from the side with a fast video camera at 1000 fps. A horizontal wire
glued on the bath indicated its position during time. Stable bouncing modes
are sought by varying the initial conditions of the bounce for bath accelerations
between Γb = 0.9 and Γ = 5 by steps of approximately 0.1. Each movie rep-
resents about 50 bath oscillations. The center of mass of the droplet and the
bath positions are tracked over time.
On Fig. 3.5, we present diﬀerent characteristic periodical trajectories that
corresponds to diﬀerent forcing accelerations Γ . The position of the bath and
the center of mass of the droplet are drawn in blue and red, respectively. The
bath follows a sinusoidal motion. Trajectories of the center of mass of the
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droplet are vertically translated for better visualization. Note that the droplet
is not bouncing instantaneously, it deforms itself when interacting with the bath
which lasts about one third of a bath oscillation period. We deﬁne the droplet
contact with the bath as the minimum in the trajectory of the center of mass
of the droplet.
The modes are referred by two parameters (p, q) according to the classical
notiﬁcation. The drop bounces q times while the bath oscillates p times. On
Fig. 3.5a, the ﬁrst bouncing mode (1,1) is a mode which presents even bounces
at each period of the oscillation of the bath. Furthermore, it is characterized by
the same time interval between droplet contact with the bath. For the same
set of forcing parameters, depending on the initial conditions, another bouncing
mode also denoted by (1,1) can be observed on Fig. 3.5b. The main diﬀerences
reside in the bouncing heights and the contact phases which are diﬀerent. When
Γ is increasing to Γ = 1.7, the droplet experiences a large bounce followed by
a smaller one during two oscillations of the bath which is denoted by (2,2) on
Fig. 3.5c. When Γ is further increased, a wide variety of periodic modes can be
observed. They are presented on Fig. 3.5d-h. The corresponding mode is written
on each ﬁgure. Note that the mode (2,1) on Fig. 3.5f shows a droplet bouncing
once every two oscillations of the bath. The mode on Fig. 3.5h is described
by the same set of parameters (2,1) even if the bouncing phase and heights
are diﬀerent. In fact, these two parameters do not describe unequivocally the
droplet trajectories1.
We deﬁne ∆Tmin as time intervals between two successive contacts of the
droplet with the bath and h as the height of successive bounces which is deﬁned
as the diﬀerence of height in between a maximum and the previous minimum of
the droplet trajectory. These two parameters are illustrated on Fig. 3.5e. The
measurements of ∆Tmin are normalized by the oscillation period of the bath T .
We have measured ∆Tmin/T and h as a function of the forcing Γ on each of the
experimental movies. These measurements are reported on Fig. 3.6a-b.
On Fig. 3.6a, all ∆Tmin/T measurements are reported as a function of Γ .
1The mode (2,1) is known to be the characteristic mode of the walker droplets presented
in Chapter 1 [44]. The latter are observed in the region W of the phase diagram of droplet
bouncing on a 50 cSt silicone oil bath on Fig. 1.7. The modes observed in regions bouncers
and PDB are similar to modes (1,1) and (2,2), respectively (cf. Chapter 4).
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Figure 3.5: Experimental trajectories of a 20 cSt silicone oil droplet of diameter D =
890µm bouncing on a bath oscillating at a frequency of 50 Hz for various accelerations
Γ . The bouncing mode (p, q) and the forcing acceleration Γ are indicated on each
ﬁgure. The time interval ∆Tmin between two successive bounces and the bouncing
heights h that are measured on each trajectory are illustrated on ﬁgure (e).
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Red data points are related to the droplet trajectories observed as periodic while
the grey data points are related to the chaotic trajectories, no periodic motion
was observed on these movies. The bouncing modes are indicated above their
corresponding red data points.
Using the same experimental data, we represented the bouncing height h
as a function of Γ on Fig. 3.6b. Data symbols are the same as on the previ-
ous ﬁgure. This bifurcation diagram gives more information on the observed
bouncing modes. The ﬁrst mode (1,1) is characterized by two distinct possible
heights. The lower data points are characteristic of a mode (1,1) that we called
low (1,1), of the type presented on Fig. 3.5a whereas the upper series of data
points are of the type presented on Fig. 3.5b called high (1,1). The height
of the low (1,1) type varies with Γ while the contact phase remains ﬁxed.
Conversely, the height of the high (1,1) type remains ﬁxed while the contact
phase adapts itself with Γ . According to the initial conditions, a trajectory at
a ﬁxed Γ can be either stable or chaotic. Note that a trajectory, under certain
conditions, can alternatively pass from stable to chaotic and vice versa. We can
observe the same diﬀerence for the mode (2,1) as for the mode (1,1). Both types
of mode (2,1) are represented on Fig. 3.5f and h, where we observe that they
occur for diﬀerent Γ . They are characterized by a same time interval between
the minima. However, the bouncing height of the mode occurring at higher Γ
increases with Γ as long as the contact phase remains constant. The other mode
(2,2) is characterized by a constant height for an increasing Γ when the contact
phase varies.
We have observed that a droplet permanently bounces on a bath oscillating
at an acceleration Γ > Γb. At Γb, the droplet bounces simply on the bath
following a mode (1,1). When Γ is increased, the bouncing droplet reaches a
bifurcation (Γ = ΓPDB), above which two successive bounces become uneven,
corresponding to the mode (2,2). After that, when Γ is increased further, a
succession of bifurcations and modes (4,4), (3,2), (2,1) and (4,2) emerge. These
modes can be interspersed with chaotic zones. An important observation is
that a mode denoted by the same parameters can hide two diﬀerent bouncing
trajectories which diﬀer depending on the bouncing heights and phases. Indeed,
two diﬀerent modes (1,1) can be encountered for the same Γ just above Γb, the
selected mode depends on initial conditions. The same remark can be made for
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Figure 3.6: Experimental trajectory characterization of a droplet of diameter 890µm
bouncing on a highly viscous bath oscillating at 50 Hz for various forcing accelerations
Γ : (a) measurements of the time intervals ∆Tmin, normalized by the oscillation period
of the bath T , between two successive bounces and (b) measurements of the bouncing
heights h. The diﬀerent bouncing modes (p, q) are indicated on the ﬁgure. Error bars
are typically of the symbol size.
the two modes (2,1); however, they occur at diﬀerent forcing accelerations.
3.3 Spring model
Based on these observations, a model can be imagined to reproduce these bounc-
ing modes. They are observed to be linked to the frequency and size of the
droplets. A natural bouncing model would be the inelastic or elastic bouncing
ball which reproduces this kind of phase diagram (cf. Fig. 3.1). This model is
characterized by an instantaneous contact solely governed by the restitution co-
eﬃcient  of the ball. However, such a model does not highlight a ﬁnite contact
time. Let us remember that the term contact is improper because the droplet
and the bath are never in contact. A droplet is considered to take oﬀ when the
lubrication ﬁlm is suﬃciently thick for the force it exerts to be neglected. Gilet
and Bush [26, 89] faced the same issue as they observed droplets bouncing on
a vibrating soap ﬁlm. They developed a theoretical model based on the sec-
ond Newton law to predict trajectories. Depending on the shape of the soap
ﬁlm, they could deduce the force acting on the droplet. Similarly, Eichwald et
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al. [90] investigated the phase diagrams of a solid bouncing ball on an elastic
membrane that oscillates. Note that in their works the bouncing motion is due
to the deformation of the membrane or of the soap ﬁlm.
In Section 2.1, we demonstrated that a droplet behaves as a forced harmonic
oscillator, the surface tension providing the restoring force and viscosity the
damping. We reinforced our statement by performing additional experiments
in Section 3.1. For Wei < 1, the droplet stores energy in surface energy which
scales as σX2, where X is the length increment of the droplet at impact. We
can thus, naturally, propose a 1D model for the droplet as a system of two
masses linked by a spring which is characterized by a stiﬀness k in parallel to
a dashpot with a damping ratio ξ (cf. Fig. 3.7a). The behavior of the spring
system is governed by the Newton laws written for both masses. This kind of
model has already been applied to infer a bouncing criteria and a restitution
coeﬃcient to inviscid droplets impacting an hydrophobic surface at high speed
(corresponding to high deformation) [87]. On our side, we studied this system
at the limit of small deformation (We < 1). Futhermore, we investigated the
dynamic of the system bouncing on a static as well as on an oscillating plates.
We started by studying numerically the behavior of a spring falling on a static
plate. Then, we compared the results to the experimental data of Section 3.1
in order to adjust the spring parameters k and ξ. Finally, we evidenced the
bouncing modes of this spring bouncing on an oscillating plate. We then made
a comparison with our own experimental bifurcation diagram (cf. Fig. 3.6).
We take y as the vertical coordinate (positive upward), y1 and y2 are the
coordinates of the upper mass m1 and of the lower mass m2. The spring is
characterized by a spring constant k and a damping coeﬃcient c. At rest and
in free fall, the length of the spring y1 − y2 is L.
On Fig. 3.7b, we represented the gravity forces Fg1 = −m1g and Fg2 = −m2g
that act on both masses. The spring exerts also forces on each mass, they are
Fs1 = −k(∆y − L) and Fs2 = k(∆y − L) with ∆y = y1 − y2. When the lower
mass m2 is in contact with the plate, it experiences a normal force N2 from
the plate. The normal force N2 is calculated through molecular dynamics when
there is contact and is null when there is no contact (cf. Appendix D). We add
a viscous dissipation force which is proportional to the speed of elongation of
the spring, with a viscous damping coeﬃcient of proportionality c. Newton laws
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Figure 3.7: (a) The droplet is modeled by two masses linked by a spring of stiﬀness
k in parallel to a dashpot with a damping ratio ξ. (b) The spring system is in contact
with the plate oscillating at a frequency f and amplitude A. As m2 is in contact
with the plate, a normal force ~N acts from the plate on m2. In this case the spring
is compressed (∆y < L), the two masses feel outwards spring forces ~Fs1 and ~Fs2 in
addition to the gravity forces Fg1 and Fg2.
can be written for both masses as
m1y¨1 = −m1g − k(y1 − y2 − L)− c|y˙1 − y˙2|, (3.5)
m2y¨2 = −m2g + k(y1 − y2 − L)− c|y˙1 − y˙2|+N2. (3.6)
We choose to spread the mass of our dropletM on both masses,m1,2 =M/2.
The length of the spring L is set to 0.74 mm which is the typical size of our
droplet. The spring constant k models the surface tension σ ∼ 0.02 N/m.
This constant k determines the undamped frequency of the spring given by
ω0/2pi =
√
2k/M . The damping coeﬃcient c is estimated via the damping
ratio ξ = c
2
√
2kM
which compares the spring damping eﬀect with the restoring
eﬀect. This parameter ξ models the Ohnesorge number Oh for droplets which
is about 0.14. In Table 3.1, we compare the spring system and the droplet.
mass stiﬀness damp. coeﬀ. damp. ratio length at rest
droplet piρD3/6 σ ν Oh D
spring system m1,2 k c ξ L
Table 3.1: Comparison of a system of two masses m1 and m2 linked by a spring with
a droplet of diameter D.
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The behaviors of the damped harmonic oscillator of mass m depend on the
value of ξ which can be listed as follows:
• when ξ = 0, the system is undamped and oscillates at its natural frequency
ω0 =
√
k/m;
• when 0 < ξ < 1, the system is underdamped and oscillates at a frequency
ωd lower than ω0. Its amplitude decreases with time and more rapidly
when ξ approaches 1. The frequency ωd is given by
ωd = ω0
√
1− ξ2; (3.7)
• when ξ = 1, the system is critically damped and returns to its position of
equilibrium without oscillating. The amplitude decays exponentially in a
characteristic time equal to 1/ω0; and
• when ξ > 1, the system is overdamped and returns also to its position of
equilibrium without oscillating. The deformation decays exponentially in
a characteristic time larger than in the critically damped case. This time
becomes larger when ξ is larger.
This model depends on two parameters only, ξ and k, which are of the order
of magnitude of Oh and of σ, respectively. We can ﬁne tune them in order to
reproduce the bouncing droplet trajectories as accurately as possible. This is
done by comparing the numerical simulation of a spring laid on a static plate
with the experimental results of a droplet laid on a static bath, this has been
developed in Section 3.1.
3.3.1 Determination of the spring parameters
As demonstrated in Section 3.1, the relative impact velocities of droplets bounc-
ing on an oscillating plate just above the threshold are about 0.15 m/s. These
velocities are similar to the impact velocities of the second bounce of the ex-
periments performed in that section. On Fig. 3.8, we present the ﬁrst and the
second bounce of one of the experiments. In fact, it is a part of Fig. 3.2. The
green dots are the measurements of the center of mass of the droplet. We ad-
justed both spring parameters k and ξ in order to reproduce this succession of
bounces as accurately as possible.
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Figure 3.8: Zoom on the spatio-temporal of Fig. 3.2. The measurements of the
center of mass are represented by black dots. The simulation of a falling spring system,
from a height of h1 = 1.1 mm, with parameters k = 0.072 N/m and ξ = 0.25, is
represented by blue and red lines. The central red line is the trajectory of the center
of mass and both outer blue lines are the trajectories of the masses m1 and m2.
We performed numerical simulations of the spring system laid from the
height of y1 = h1 +D/2 = 1.46 mm on a static plate (Vi =
√
2gh1 = 0.15 m/s
andWei = 0.8). That is the spring constant k that mainly governs the maximal
deformation of the droplet during the bounce. We adjusted this parameter by
setting ξ to 0 and dropping the spring system on the static plate. After com-
paring the numerical and experimental deformations at impact, we adjusted
the spring constant k to 0.072 N/m. The damping ratio ξ imposed mainly the
height of the next rebound and thus the restitution coeﬃcient . The latter
decreases when ξ increases. We adjusted ξ to 0.25 in order to ﬁnd h2 the height
of the next bounce. We note that these two parameters do not have indepen-
dent eﬀects. But this method was very satisfying to adjust the parameters in
order to reproduce the succession of bounces. On Fig. 3.8, we draw the results
of the simulation in red and blue. We have drawn the trajectory of the center
of mass of the spring system in red while the trajectories of the masses m1 and
m2, assimilated to points, are drawn in blue. After comparing simulations with
experiments, we note that the trajectories of the center of mass are in good
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agreement. We observe that the ﬂoating drop (at the end) has a lower center of
mass than the prediction of the simulation. This could be due to the fact that
the highly viscous bath was not completely rigid, so that the droplet created
a small hole in it. Another diﬀerence is the additional oscillation of the spring
system during the bounce which has, however, no inﬂuence on the next bounce.
3.3.2 The spring system bouncing on an oscillating plate
Considering the two parameters ξ = 0.25 and k = 0.072 N/m for the model,
we performed numerical simulations of the spring system bouncing on a 50Hz
oscillating plate. We started by dropping the spring system, from a height of
1 mm, on a plate oscillating at a frequency of 50Hz and with an amplitude such
that Γ = 1. The real time simulation was set to 11 seconds (∼ 550 oscillations
of the plate). We then increased Γ by steps of 0.1, without break between the
simulations. We repeated the process until reaching Γ = 5. After that, we
decelerated by decreasing Γ by steps of 0.1 until reaching Γ = 0.5. We then
processed the data of the center of mass of the spring system in the same way
as we processed the data displayed on Fig. 3.6. For each Γ value, we measured
each bouncing height h and each time interval ∆Tmin between the two minima
of the center of mass trajectories.
On Fig. 3.9a, we reported the diﬀerent intervals of time ∆Tmin between two
successive bounces of the center of mass as a function of Γ . For each Γ value
(increasing and decreasing phase), N measurements of ∆Tmin were binned in
classes of 0.1 ms of width (step of the simulation) and 0.05 of height (experimen-
tal error). We deﬁned ni as the number of events in the bin i corresponding to
time within the interval 0.1 i and 0.1 (i+1) ms. On Fig. 3.9a, the measurement
recurrences ni/N in each bin i are then represented in a grey level correspond-
ing to (1− ni/N)× 255 where a value of 255 is white and a value of 0 is black.
A 100% black bin means that all of the measurements corresponding to the
acceleration Γ are located in the considered bin. Taking bins of 0.1 of width
and 0.05 mm of height, we proceeded the same way with the measurements of
h. These are plotted on Fig. 3.9b. We identiﬁed the diﬀerent bouncing modes
on both diagrams. They are indicated on each ﬁgure. To enable comparison
with experimental data we transferred Fig. 3.6a-b on Fig. 3.9c-d just below the
simulation results.
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Figure 3.9: Trajectory characterization of the spring model (k = 0.072 N/m and
ξ = 0.25) and the experiments (cf. Fig. 3.6) for a droplet of diameter 890µm bouncing
on a solid plate oscillating at 50 Hz for various forcing accelerations Γ : (a) simulation
measurements of the time intervals ∆Tmin, normalized by the oscillation period of the
bath, between two successive bounces; (b) simulation measurements of the bouncing
heights h; (c) experimental measurements of the time intervals ∆Tmin/T ; and (d)
experimental measurements of the bouncing heights. The diﬀerent bouncing modes
(p, q) are indicated on the ﬁgure.
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The agreement between the simulations and the experiments is remarkable.
The ﬁrst bifurcation from (1,1) to (2,2) is located at the same ΓPDB = 1.6
value. For Γ < ΓPDB, the two diﬀerent trajectories characterized by the same
mode parameters (1,1) are observed in the simulations. The (3,2) mode is also
observed and it is overlying the mode (2,1). In fact, the (3,2) mode was observed
during the simulations when Γ increased and the (2,1) mode was observed in
the simulations during the decreasing phases. Thus, depending on the initial
conditions one or the other mode can be observed. The bifurcation to the mode
(4,4) is also observed for nearly the same acceleration Γ . The second mode
(2,1) observed experimentally at Γ = 4.4 was detected when analyzing the
trajectories of the simulations; however, it was not stable for more than several
periods, which is why it does not appear on the ﬁgure.
Guided by our observations of Section 2.1 and 3.1, we modeled the droplet by
two masses linked by a spring of stiﬀness k in parallel with a dashpot of damping
ratio ξ. These two parameters were adjusted during experiments performed on a
static bath before extending the study to an oscillating bath. We used the same
strategy in Section 2.4. We thus simulated the spring system on an oscillating
bath and found the bifurcation diagram that we observed experimentally in
Section 3.2. The agreement between the experiments and the simulations is
good. This shows that the spring system is an excellent model for bouncing
droplets.
83
Chapter 4
Only the bath can be
deformed
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In the previous chapter, we investigated slightly deformable droplets on an
oscillating highly viscous bath. Depending on the forcing parameters, we ob-
served diﬀerent trajectories that we rationalized using a spring model. We were
able to reproduce accurately bifurcation diagrams using this model. In the
present chapter, we investigate droplets bouncing on a low viscous bath instead
of a highly viscous one. This deformable bath changes the properties of the
rebounds. In Section 4.1, similarly to our investigation in the previous chapter,
we begin by investigating bounces on a static bath, which allows us to extract
the basic properties of the bouncing. In Section 4.2, we report measurements of
the bouncing and of the Faraday thresholds. We then construct, in Section 4.3,
phase diagrams of bouncing modes of droplets of diﬀerent sizes. These allow us
to discuss the behavior of the droplets as a function of the experimental param-
eters. We are extending here an investigation that was initiated by the Couder's
team in 2005 [7, 44]. They observed walkers capable of moving on the surface
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owing to the waves emitted on the liquid bath. This amazing behavior is the
main subject of quantum-like experiments. The origin of this motion is however
still not fully understood. Therefore, we analyze trajectories and bifurcation
diagrams of so called walkers in Section 4.4. The speed of these walkers is then
correlated with the bouncing mode.
4.1 Bouncing on a static bath
We made droplets of 20 cSt silicone oil and of diameter D = 770µm using the
droplet dispenser (cf. Appendix C for details). We laid these, from diﬀerent
heights (∼ 1 cm), on a static 20 cSt silicone oil bath of 1 cm depth (deep
bath conditions). We recorded movies from the side, at 2000 fps, with a high
speed camera (IDT-Y4L) (cf. Appendix B). We present a spatio-temporal
diagram of one of these movies on Fig. 4.1. We detail our construction method
in Section 1.3.3 and 3.1.
The initial speed at the ﬁrst impact on the static bath is about 0.5 m/s
which is similar to the impact speed of the droplet impacting a highly viscous
bath presented in Fig. 3.2. The resulting bounce heights are however signiﬁ-
cantly smaller than for highly viscous baths and only two successive bounces
are observed, as we can see on Fig. 4.1. The droplet makes a crater in the
bath which which can no longer be neglected. The size of this crater depends
on the size and impact speed of the droplets. After a bounce, the liquid bath
oscillates a few milliseconds before returning to rest. In this case, we cannot
draw a parallel with the bouncing ball since the interaction of the droplet with
the bath is complex. This is an issue already encountered by Gilet et al. [26,89]
and Eichwald et al. [90]. They had to evaluate the forces acting on the droplet
or on the solid ball during the bounce in order to solve the second Newton law.
The coeﬃcient of restitution is like a black box which predicts the speed after
the impact given the initial impact speed. While, we could determine this coef-
ﬁcient of restitution on the rigid bath, it is diﬃcult to do so here. Nevertheless,
we can conclude that an oil bath with a viscosity of 20 cSt instead of 1000 cSt
induces more dissipation during the bounce, i.e. more energy is dissipated in
the bath deformation.
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Figure 4.1: Spatio-temporal diagram of a 20 cSt silicone oil droplet of diameter
D = 770µm falling on a static 20 cSt silicone oil bath. The time elapses from left
to right. The droplet experiences two bounces of heights h1 and h2. These heights
are measured from the center of mass of the droplet when it is ﬂoating (white dotted
line). The impact speeds of the bounces are V1 = 0.51 m/s and V2 = 0.08 m/s. Five
snapshots illustrate the shape of the droplet at diﬀerent typical times of the bounce.
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4.2 Bouncing on an oscillating bath
Using the droplet dispenser, we laid droplets on an oscillating 20 cSt silicone
oil bath. We measured the bouncing acceleration threshold Γb following the
method that we explained in Section 2.1.1. These measurements are reported
on Fig. 4.2a for droplet sizes ranging from D = 665µm to 1500µm. The Γb
curves present a minimum, lower than 1. The smaller the droplet, the higher
the frequency of the minimum. As the viscosity of the bath is relatively small, we
observe Faraday waves that occur above the acceleration threshold ΓF deﬁned
by Eq. 1.8. The Faraday threshold ΓF is proportional to the viscosity ν and
increases according to a power law, f5/3. Experimental measurements of ΓF are
represented, on Fig. 4.2a, by red squares that are ﬁtted by a 5/3 power law (the
red line). As the Γb curves are shifted upwards when considering larger droplets,
we found that there is a maximum size not to be exceeded for the droplet to
bounce on the bath. We cannot increase the acceleration Γ beyond ΓF without
disturbing the surface of the liquid bath by exciting Faraday waves. For a 20 cSt
silicone oil bath, the largest droplet that can bounce, such as Γ < ΓF , has a
maximum diameter D ∼ 1500µm.
On Fig. 4.2b, the frequencies of the measurements presented on Fig. 4.2a
are normalized by the capillary frequency fc =
√
σ/M , where M is the droplet
mass. All the Γb curves collapse on a master curve as we have demonstrated in
Section 2.1. The ﬁrst minimum of about 0.5 is observed at a value of f/fc ∼ 0.21
(cf. inset in Fig. 4.2b) while the ﬁrst minimum for these droplet bouncing on
a 1000 cSt silicone oil bath is about 0.3 at f/fc ∼ 0.38 (cf. Fig. 3.4). For this
value, the coupling between the dynamics of the air ﬁlm and the dynamics of
the deformation is favorable for bouncing. Also, the Γb curves increase much
more rapidly with the 20 cSt bath than with the 1000 cSt one. There is also a
slight inﬂection at f/fc ∼ 1.25 indicating another resonant mode being excited.
This was also observed, on Fig. 2.1, for larger droplets of 100 cSt silicone oil
bouncing on an oscillating highly viscous bath.
4.3 Phase diagrams
Droplets are observed to bounce for acceleration Γ higher than the bouncing
acceleration threshold Γb. At higher accelerations, the bouncing droplets are
87
10-1
100
101
102
101 102 103
Gb 11-2-2011 1G
Gf 11-2-2011 1G
Gb 11-2-2011 2G
Gf 11-2-2011 2G
Gb 11-2-2011 3G
Gf 11-2-2011 3G
Gb 11-2-2011 6G
Gf 11-2-2011 6G
Gb 14-2-2011 1G
Gf 14-2-2011 1G
Gb 14-2-2011 2G
Gf 14-2-2011 2G
Gb 14-2-2011 3G
Gf 14-2-2011 3G
Gb 4-2-2011
Gf 4-2-2011
Gb 2-2-2011 1G
f [Hz]
Faraday
Coalescence
(a)
!b
0
10
20
30
40
50
0 0.5 1 1.5 2 2.5
Gb 11-2-2011 1G
Gf 11-2-2011 1G
Gb 11-2-2011 2G
Gf 11-2-2011 2G
Gb 11-2-2011 3G
Gf 11-2-2011 3G
Gb 11-2-2011 6G
Gf 11-2-2011 6G
Gb 14-2-2011 1G
Gf 14-2-2011 1G
Gb 14-2-2011 2G
Gf 14-2-2011 2G
Gb 14-2-2011 3G
Gf 14-2-2011 3G
Gb 4-2-2011
Gf 4-2-2011
Gb 2-2-2011 1G
!b
f /fc
Coalescence
(b)
0.
1
10
0 0.2 0.4 0.6 0.8 1
Gb 11-2-2011 1G
Gf 11-2-2011 1G
Gb 11-2-2011 2G
Gf 11-2-2011 2G
Gb 11-2-2011 3G
Gf 11-2-2011 3G
Gb 11-2-2011 6G
Gf 11-2-2011 6G
Gb 14-2-2011 1G
Gf 14-2-2011 1G
Gb 14-2-2011 2G
Gf 14-2-2011 2G
Gb 14-2-2011 3G
Gf 14-2-2011 3G
Gb 4-2-2011
Gf 4-2-2011
Gb 2-2-2011 1G
!b
f /fc
665 µm
835 µm
960 µm
1210 µm
1520 µm
Figure 4.2: The bouncing threshold acceleration Γb measurements for diﬀerent
droplet sizes ranging form D = 665µm to 1520µm (diameters are indicated in the
legend). (a) The Γb threshold is represented as a function of f . The Faraday threshold
measurements are represented by red square symbols which are ﬁtted, in red, by a
power law, 5/3 of the frequency. (b) The Γb measurements are represented against the
normalize frequency f/fc where fc is the capillary frequency. The arrows are explained
in the text. A zoom of the ﬁrst minimum of the Γb(f/fc) curve is presented in the
inset.
limited by the triggering of the Faraday instability which occurs at ΓF . Between
these two accelerations, the droplets can bounce following diﬀerent trajectories.
These trajectories were highlighted for the 50 cSt silicone oil and a frequency
f = 50 Hz in [44]. This diagram was presented on Fig. 1.7. We built the diagram
for a liquid of 20 cSt silicone oil at f = 80 Hz in Ref. [7], it is presented, for
a liquid bath of thickness 3 mm, on Fig. 4.3a (for a better visualization, axes
are inverted with respect to Fig. 1.7). In those studies, the forcing frequency
was ﬁxed, and the droplet trajectories were characterized as a function of the
forcing acceleration Γ and the droplet diameter D.
The bouncing mode phase diagram, presented on Fig. 4.3a, is divided in re-
gions of diﬀerent colors, each region corresponding to a speciﬁc bouncing mode
(p, q) similar to those represented on Fig. 3.5. Each color matches a mode.
Above the Γb(D) curve, which is represented by the purple bullets (the dotted
line is a guide for the eyes), the region B describes droplets bouncing in the
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mode (1,1). The region PDB → P2 is a zone where it is really diﬃcult to dif-
ferentiate between a mode (2,2) and a mode (2,1). Nevertheless, the periodicity
of the rebounds is equal to two periods of the oscillating bath. We will get back
to this later. Just below the Faraday threshold, droplets can spontaneously
be set into horizontal motion where they become the walkers detailed in Sec-
tion 1.3.6. According to [44], the walkers are bouncing in a mode (2,1). When a
droplet is too large or too small it can can experience chaos before becoming a
walker or reaching the Faraday instability at ΓF ≈ 4.2. The bullets on Fig. 4.3a
are experimental data points detected as being the transition between diﬀerent
regimes.
The Γb(D) curve observed on Fig. 4.3a can be readily predicted by the
bouncing acceleration threshold Γb(f/fc) presented on Fig. 4.2b. Indeed, since
we work at a ﬁxed frequency (f = 80 Hz), we can determine the bouncing accel-
eration by calculating the ratio f/fc = f(σ/ρ)1/2D3/2 for the desired diameter
D. This value can then be reported on Fig. 4.2b and using the master curve,
as suggested by the arrows, Γb can be found out as a function of D.
We made the same kind of phase diagrams after varying the forcing param-
eters Γ and f for several sizes of droplets. We selected three typical diagrams
for the droplets of size D = 695µm, 810µm and 870µm, these are represented
on Fig. 4.3b, 4.3c and 4.3d, respectively. The regions are named as on Fig. 4.3a.
Similarly to Fig. 4.2a, the red squares are the experimental measurements of
the Faraday threshold and the red curves ΓF (f) are ﬁts of a power 5/3 law
as predicted by Eq. 1.8. The bullets are the measurements of the transition
between the diﬀerent regions. The Γb(f) curve on Fig. 4.3c is an extrapolation
from the measurements of Fig. 4.3b and 4.3d. The (Γ, f) and the (Γ,D) dia-
grams can be seen as the 2D projections of a the 3D phase diagram (Γ, f,D).
The intersections of the (Γ,D) with the three (Γ, f) diagrams are represented
by dotted vertical lines on each of the diagrams.
Let us focus on the W area. The smallest droplet, D = 695µm (cf.
Fig. 4.3b), cannot walk eﬃciently when in this W region. It does not always
move in a straight motion and its horizontal speed is always too low compared
to an eﬃcient walker [44]. The phase diagram of an eﬃcient walker is repre-
sented on Fig. 4.3c. The walker moves horizontally on the surface in a straight
motion at a speed of about 15 mm/s. This size of drop is typically the size of
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the 20 cSt silicone oil walkers for the quantum-like experiments [2, 3, 5]. For a
bigger droplet, D = 870µm (cf. Fig. 4.3d), the W region is much smaller.
When Γ is increased, this droplet experiences a chaotic behavior before even-
tually walking. Moreover, these are observed to be intermittent walker. They
start walking when a little kick on the surface is provided but they stop after
some distance. In fact, the bouncing mode of the walker is unstable and the
droplet returns to a chaotic bouncing mode.
The region where walking takes place has been investigated by Protière et
al. [25] as a function of the viscosity. Walkers are observed for droplets with
a viscosity ranging from 10 cSt to 100 cSt. They always occur for acceleration
just under the Faraday threshold ΓF which increases more rapidly with the
frequency when the viscosity is increased. Thus, the range of frequencies where
walkers can be observed is shifted to lower frequencies when the viscosity is
increased. Furthermore, it is observed that the mean droplet size of an eﬃcient
walker decreases with the viscosity.
On the phase diagrams of Fig. 4.3, we observed that a necessary condition for
becoming a walker is to be able to experience at least a period doubling in order
to excite Faraday waves. This ability varies with the droplet size as suggested
on Fig. 4.4, the accelerations ΓPDB of transition from the B to the PDB
region are plotted for droplets of diﬀerent sizes. The ΓPDB curves increase with
the frequency and more rapidly for larger droplets. The droplet of diameter
D = 810µm (cf. Fig. 4.3c) was observed to be the most eﬃcient one. Let us
now focus on this droplet.
Meeting the period doubling bouncing mode condition is not suﬃcient for
walking. Indeed, the other required condition is to be able to excite Faraday
waves of large amplitude. This condition is only met close to ΓF [7, 29]. The
amplitude of the Faraday waves emitted depends also on the size of the bouncing
drop. Indeed, the wave ﬁeld structure emitted by a bouncing drop is not trivial.
Eddi et al. [4] investigated the wave ﬁeld that is produced by the impact of a
rigid sphere on an oscillating liquid surface near the Faraday threshold. They
observed that the dynamics of the wave ﬁeld can be divided into two phases:
a capillary wave packet is emitted and progresses outwards from the impact
(ﬁrst phase) which leaves a stationary wave behind, corresponding to Faraday
waves, whose amplitude decays slowly (second phase). The ability to excite
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Faraday waves of large amplitude depends on the structure of the emitted wave
packet during the ﬁrst phase. A wave packet is a polychromatic wave that leaves
the wave behind oscillating at the Faraday frequency. The persistence of the
Faraday waves depends on how much energy is available for the Faraday regime.
The structure of the wave packet depends on the size of the impacting object in
a non trivial way. Starting from the hydrodynamical equations, Eddi et al. [4]
simulated numerically the wave ﬁeld emitted by perturbations of diﬀerent sizes.
They demonstrated that the amplitude of a stationary wave depends on the size
of the perturbation, so there should be an optimal size for the drop. This is in
agreement with what we observed and described above.
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Figure 4.4: The acceleration threshold ΓPDB (transition from a mode (1,1) to a
mode (2,2)) as a function of the frequency for several droplet diameters which are
indicated on the ﬁgure. The Faraday threshold measurements are represented by red
square symbols which are ﬁtted, in red, by a power 5/3 of the frequency.
4.4 Bifurcation diagram of a bouncing droplet
Following the same method as in Section 3.2, we built a bifurcation diagram of
a 20 cSt silicone oil droplet bouncing on an oscillating bath made of the same
liquid. We chose the droplet size D = 810µm and the forcing frequency at 80 Hz
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in order to get an eﬃcient walker. The (Γ ,f) phase diagram corresponding to
this droplet size is reported on Fig. 4.3c. By following the vertical dotted line,
the behavior of our bouncing droplet can be determined as a function of Γ . Using
the high speed video camera (IDT-N3), we recorded movies at 1000 fps of the
bouncing drop for bath accelerations ranging from Γb to ΓF . In each movie, we
measured the bouncing heights h and the interval of time between two bounces
∆Tmin/T , where T is the period of the oscillation of the bath. Both parameters
are deﬁned in Section 3.2 and illustrated on Fig. 3.5e. Let us remember that a
bounce is deﬁned as a minimum in the trajectory of the center of mass of the
droplet. For a walking droplet, we had to follow the droplet horizontally to make
the measurements. These measurements are reported on Fig. 4.5a and 4.5b. The
region B and PDB → P2 characterizing the bouncing modes are indicated
as colored areas in Fig. 4.5. Note that the W region is not indicated as it does
not deﬁned a bouncing mode but the fact that the droplet moves horizontally
on the surface (horizontal speed v 6= 0). On Fig. 4.5a and 4.5b, we observed a
bifurcation at ΓPDB ≈ 2.30. Below ΓPDB, it bounces in a mode (1,1) and beyond
ΓPDB, the droplet bounces in mode (2,2). The smaller bounce seems to vanish
at Γ ≈ 2.7 when the mode becomes, according to our deﬁnition of the bounce,
a mode (2,1). The height of the larger bounce continuously increases with Γ .
When ΓW = 3.60, Faraday waves are triggered, the droplet starts walking on
the liquid surface and the bouncing height increases more rapidly with Γ . We
measured the horizontal speed v of the droplet (D = 810µm) as a function of
Γ . The speed measurements are reported on Fig. 4.5c. The horizontal speed of
the droplet is always null or negligible until ΓW = 3.60 is reached. Above ΓW ,
the droplet starts walking and the speed increases with Γ , ﬁnally saturating at
a value of about 13 mm/s. Our measurements are in good agreement with the
measurements reported by Protière et al. [44].
The ﬁrst bifurcation is similar to the one observed on the highly viscous bath
on Fig. 3.6 of Section 3.2. However, for larger accelerations, the mode (2,2)
evolves continuously into a mode (2,1) which is not observed for the droplet
bouncing on the highly viscous bath. This smooth evolution, from a mode
(2,2,) to a mode (2,1), is much more a characteristic of the inelastic ball for
which a bifurcation diagram is presented in Fig. 3.1. As we observed for the
static bath (cf. Section 3.1 and 4.1), the coeﬃcient of restitution, if we can
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Figure 4.5: Bifurcation diagram of a droplet of diameter D = 810µm bouncing
on an oscillating liquid bath at f = 80 Hz. Both liquids are 20 cSt silicone oil. (a)
measurements of the bouncing heights h. (b) Measurements of the time intervals
∆Tmin/T between two successive bounces. (c) Horizontal speed v of the droplet as a
function of Γ . The ﬁve dotted lines on each ﬁgure represent the selection of movies
that are analyzed (cf. Fig. 4.6 and 4.7). Error bars are typically of the symbol size.
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deﬁne it, is smaller for the low viscosity bath than for the highly viscous one.
It results in a higher ΓPDB value but not as high as in the inelastic bouncing
ball; consequently, the elasticity of the rebound has to be taken into account in
order to rationalize the phase diagram.
Let us have a closer look at the trajectories analyzed on the diagrams of
Fig. 4.5. We selected 5 movies respectively corresponding to a droplet bouncing
in a mode (1,1) (Γ = 1.48) and in a mode (2,2) (Γ = 2.48), a non walking droplet
in a mode deﬁned as (2,1) (Γ = 3.54), a low speed walking droplet (Γ = 3.61)
and a high speed walking droplet (Γ = 4.17). These modes are highlighted
by dotted lines on Fig. 4.5. For each movie, we constructed a spatio-temporal
representation (cf. Section 1.3.3). These ﬁve plots are presented on Fig. 4.6a.
On such an image, we can observe the droplet bouncing and its reﬂection on
the bath that is perturbed by the waves. Below each image, we added another
spatio-temporal image of the wire moving with the bath indicating the position
of the plate. On each movie, we tracked the position y of the droplet center
of mass and the plate. From the trajectories, we deduced the vertical velocity
vy and the vertical acceleration ay of the droplet and the bath. The vertical
positions1, velocities and accelerations are presented, for the ﬁve movies, in
Fig. 4.6b and 4.6c, and in Fig. 4.7a, 4.7b and 4.7c.
The measurements of the vertical velocity and the vertical acceleration of
the droplet allow us to deduce when the droplet interacts with the bath and
when it is in free fall. We should be careful when handling the acceleration
curve as the acceleration is a second derivative of the position which has been
sampled at 1000 Hz (samples are spaced by ∆t/T = 0.08). Anyway, we can
clearly determine when the droplet interacts with the bath and for how long.
These contact periods are highlighted by grey areas on Fig. 4.6 and 4.7. In
free fall, the acceleration of the droplet is observed at ay/g = −1. In the mode
(1,1) (cf. Fig. 4.6b), the droplet starts to interact with the bath when the bath
is at a minimum and starts moving upwards. It stops interacting with the bath
when the latter is at a maximum and starts moving downwards.
In the mode (2,2) (cf. Fig. 4.6c), the same bounce is observed during the
upwards motion of the bath. As the amplitude of the oscillation is larger, it
1The relative positions of the droplet center of mass and of the bath have been adjusted
for a better visualization.
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results in a larger bounce. Consequently, the droplet lands on a maximum of
the bath and interacts with it during a shorter time. The second bounce is thus
smaller. The height of the largest rebound increases with Γ while the smallest
bounce keeps on decreasing. On Fig. 4.7a, the mode of the droplet is deﬁned
as (2,1). However, we observed that even if the droplet is not bouncing, a
decrease of the downwards speed is noticed (ay/g > 1). This indicates an
interaction with the bath during a deﬁned span of time.
Until now, the contact with the bath was deﬁned as the minimum in the
trajectory of the center of mass of the droplet. We have thus to redeﬁne this
contact as any interaction with the bath perturbing the free fall of the droplet,
i.e. when the droplet acceleration ay/g becomes higher than −1. The bouncing
mode notiﬁcation (p, q) is also redeﬁned as a period of q interactions with the
bath while it oscillates q times. The interactions were diﬃcult to determine
until we tracked the droplet trajectories. That is the reason why we regrouped
the bouncing modes (2,2) and (2,1) in one region PDB → P2 on Fig. 4.3.
On Fig. 4.6c, 4.7a and 4.7b, the intensity of the smallest interaction of the
mode (2,2) decreases until completely disappearing. The mode remains (2,2) as
the droplet interacts twice with the bath during two periods. In the movie taken
at Γ = 3.61 (cf. Fig. 4.7b), the small interaction is still present and the droplet
starts to walk on the surface (cf. Fig. 4.5c). Then the intensity of the small
interaction keeps on decreasing while the velocity of the walker is increasing.
The speed of the walker saturates when the small interaction has completely
disappeared and the droplet starts bouncing in a mode (2,1) (cf. Fig. 4.5c).
This saturation was already observed in [44] but another explanation was given.
In [44], they proposed a simple model based on the balance between two forces :
a driving force and a friction force. The driving force comes from the momentum
income of the droplet when bouncing on the slope of the Faraday wave emitted
at the previous bounce. The friction force comes from the friction with the air
that occurs when the droplet interacts with the bath. They found a transition
from the non-walking to walking motion. The velocity is observed to increase
as the square root of the distance to the walking threshold ΓW . This model is
however based on droplets bouncing in a complete bouncing mode (2,1) (without
the smaller bounce).
We propose the following explanation. A drop can walk as soon as one jump
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releases enough energy to trigger Faraday waves and this jump must occur in a
(p, 2) mode with p = 1 or 2. More precisely, in the (2,2) mode, since one of the
bounce is higher than the other, the condition for triggering is satisﬁed. Note
that we observed a droplet of diameter D = 690µm walking in a mode (2,2)
(with the small bounce clearly visible) at an horizontal speed v = 2.3 mm/s on
an oscillating bath at 58 Hz, just below the Faraday threshold. The trajectory
of this walker is reported on Fig. 4.8. We considered a driving bounce (the large
interaction) and a friction bounce (the small interaction). The driving bounce
excites a local Faraday wave and induces the horizontal momentum of the walker
when it lands (in average) on the slope of the wave emitted at the previous
bounce. This idea is reinforced by the fact that droplets bouncing in a mode
(2,2) are already used as source of Faraday waves in [7, 29]. The small bounce
does not excite any Faraday wave. As a consequence, the walker reaches its
maximum speed which saturates when the droplet bounces in a complete mode
(2,1). The ability for a mode (2,2) or (2,1) to excite sub-critically Faraday waves
is directly linked to the distance to the Faraday threshold. This is the key of
the second model developed for the walker by Eddi et al. [4].
-0.5
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Figure 4.8: A droplet of diameter D = 690µm is walking in a bouncing mode (2,2)
on a liquid bath oscillating at 58 Hz at Γ = 2.40 (just below the Faraday threshold).
Both liquids are 20 cSt silicone oil. The vertical position y of the droplet (in red) and
bath (in blue) are reported as a function of the normalized time t/T .
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Summary
In this chapter, we investigated small droplets bouncing on a deformable liquid
bath. Both liquids are 20 cSt silicone oil. We started with the observation
of droplets falling on the bath when it was static. In comparison with the
experiments on the static highly viscous bath (cf. Section 3.1), we observed
that the droplets bounce at a smaller height when they have the same amount
of energy at impact.
The bath was then set in oscillation and we studied the bouncing droplets
on it. We built phase diagrams based on two pairs of parameters: the forcing
parameters (Γ ,f) and (Γ ,D). In both series of diagrams, we measured the
bouncing acceleration thresholds Γb(f) and Γb(D) that are shown to depend on
each other. We discussed the appearance of the walking region as a function
of the frequency f and the droplet size D. This region can be put in relation
with the appearance of the mode (2,2) (PDB → P2 region on Fig. 4.3) at an
acceleration ΓPDB.
Analysis of a bifurcation diagram of a walking droplet revealed that, we had
to reformulate our deﬁnition of the bounce in terms of interaction rather than the
minimum of the center of mass of the trajectory of the droplet. Within the region
named PDB → P2 on the phase diagrams, the bouncing mode (2,2) evolves
continuously in a mode (2,1). This was not observed for the highly viscous bath
(cf. Fig. 3.6). The walking motion was shown to appear when the droplet is
still bouncing in a mode (2,2), which contrasts with the mode (2,1) required by
previous studies [4,44]. These droplets bouncing in a mode (2,2) excite Faraday
waves as far as they are in the vicinity of the Faraday threshold [7,29]. This could
be a new perspective for the explanation of the increasing droplet speed when
the walking threshold ΓW is crossed. Indeed, the large bounce excites Faraday
waves and occurs on a slope of the wave emitted by the previous bounce. This
large bounce is the driving bounce. The smaller bounce prevents the Faraday
waves from being excited, but its eﬀects diminishe with its height when Γ is
increased. Moreover, when the droplet interacts with the bath, the walker slows
down due to the friction with the air ﬁlm. The walker speed saturates when the
smaller bounce/interaction has completely disappeared and the walker bounces
in a complete (2,1) mode.
100
General conclusion
This thesis is a fundamental study of an original way to manipulate droplets.
We chose to interact with bouncing droplets and to tackle the problem from the
point of view of their deformations.
In Chapter 1, we placed the bouncing droplet question in its scientiﬁc con-
text by summarizing some relevant works on the subject. We pointed out, in
Section 1.4, some lack in the understanding of this phenomenon that we have
decided to investigate. In Section 1.5, we established a strategy to answer a
number of fundamental questions. We considered that the bouncing droplet
problem is two-fold: the droplet itself and the bath and we decided that each
entity could be studied independently. Using diﬀerent liquids for the droplet
and the bath, we can highlight the deformation of the droplet, of the bath, the
deformations of both or no deformation at all. To do so, we chose the Ohnesorge
number as the key parameter. This number compares the viscosity eﬀects with
the surface tension eﬀects and allows us to ﬁnd out whether the deformations
are of importance or not. This number can be increased, causing the deforma-
tions to be more damped by the viscous eﬀect, by increasing the liquid viscosity
or by decreasing the droplet size. We chose to plot our work on the bouncing
droplet as well as the one of others on a map deﬁned by the Ohnesorge numbers
Ohb of the bath and Ohd of the droplet (cf. Fig. 1.12b) and to explain our
strategy on the road map of Fig. 1.12a.
In Chapter 2, we made large droplets of low viscosity silicone oil on an os-
cillating highly viscosity bath that is not deforming. Depending on the forcing
frequency f , we measured a bouncing acceleration threshold Γb that can be
smaller than 1 and which exhibited diﬀerent deformation modes. These defor-
mation modes are shown to correspond to the spherical harmonics introduced by
Rayleigh [56]. The fundamental deformation mode is excited for low frequen-
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cies (<100 Hz) and is the one observed in all previous studies on the walker
and the bouncing droplet exposed in Chapter 1. Therefore, we focused on the
bouncing threshold Γb of this mode. We observed that above Γb, the bouncing
is periodic and below the droplets can only bounce during a certain time. As
a consequence, we developed a theoretical model of the droplet deforming on
a rigid bath that is oscillating. In this model, the deformation of the droplet
inﬂuences the air ﬁlm dynamics and thus the lubrication force that prevents the
droplet from coalescing with the bath. With this model, we explained the mini-
mum observed in the curve of the bouncing acceleration threshold Γb(f) and the
observed lifetime when Γ < Γb. Indeed, below Γb the droplets can bounce on
the bath but the air ﬁlm is not completely regenerated at each bounce and de-
creases in average. In the last section of this chapter, we investigated compound
droplets, made of a water core and an oil layer, bouncing on a highly viscous
bath. Exciting a speciﬁc mode of deformation, we demonstrated that it is pos-
sible to make a double emulsion in the droplets. At successive bounces, small
oil droplets coming from the oil layer enter one by one in the water core. We
modeled the acceleration threshold Γb(f), but we did not explain the complex
trajectories that the droplet can experience when bouncing at Γ > Γb.
In Chapter 3, we simpliﬁed the problem by considering small droplets made
of 20 cSt silicone oil. These droplets are laid on a highly viscous bath (rigid)
and are shown to deform slightly. We highlighted several periodic trajectories
that can be compared to the bouncing ball problem. By investigating droplets
impacting a static bath, we identiﬁed that a droplet stores energy into deforma-
tion similarly to a spring that is compressed. We thus developed a model based
on two masses linked by a spring of stiﬀness k in parallel to a dashpot of damp-
ing ratio ξ. These parameters were adjusted on the observation of a droplet
impacting the static bath. Then, we investigated numerically this spring sys-
tem bouncing on a solid plate. Comparing both numerical and experimental
trajectories, the model turned out to be very eﬃcient.
In Chapter 4, we extended our investigation to a deformable bath. We
considered droplets as in Chapter 3 bouncing on a bath made of 20 cSt silicone
oil (deformable bath). We started by comparing the droplet impacts on the
static deformable bath and on the static rigid bath. We observed that the
bath dissipates more energy in the deformable case. Even if we showed the
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limitations of the restitution coeﬃcient and the bouncing ball parallelism, we
observed bouncing trajectories on the oscillating bath that were much closer
to the inelastic ball behavior. We constructed the phase diagrams for diﬀerent
droplet sizes and showed that the appearance of the walker is linked to the period
doubling transition of the droplet and to the Faraday acceleration threshold. By
analyzing a bifurcation diagram of the walker droplet, we showed that it was
necessary to redeﬁne how a bounce is detected. We managed to determine when
the bath and the droplet interact. Doing so, we demonstrated that droplets can
start walking in a period doubling mode characterized by a large bounce (large
interaction) and a small bounce (small interaction). This is a generalization of
the walker which is characterized in previous studies [1, 4, 44] by a mode (2,1)
(one bounce every two bath oscillations). We observed that the speed decreases
when the small interaction decreases and saturates when the small interaction
has completely disappeared. We proposed a walker mechanism based on a
driving bounce (the large bounce) and a friction bounce (the small one) which
governed the horizontal speed of the walker. This could be a new element to
consider in models of the walker [4, 44].
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Perspectives
Here are some perspectives that we should consider in the near future.
Attempting to change the structure of the mayonnaise droplet
Just after the publication of our works on the double emulsions in a compound
droplet [54, 55], we have been contacted by Professor B.P. Binks, a well known
chemist of the University of Hull (UK), who studies silica-stabilised emulsions.
He proposed to use silica nanoparticles as the stabilizer instead of a surfactant.
The silica particles are more or less fumed with SiOH, to make them hydrophobic
or hydrophilic. We tried to put some fumed silica particles with 75% SiOH, at
2 wt% in the water core to replace the SDS surfactant. The surface tension of
the air/water interface does not seem to vary signiﬁcantly when these particles
are added to the water [91]. Compound droplets made with a water core with
silica particles in dispersion were able to emulsify while it did not emulsify with
pure water. Do these particles change the dynamics of emulsiﬁcation ? It is
possible to change the structure of the compound droplets, e.g. an oil core and
a water layer ?
A self-propelled mode in the non-investigated area
During a discussion with Suzie Protière about the roller droplets. She mentioned
to us that they have observed a similar behavior for a large droplet of several
millimeters bouncing on a bath, droplet and bath both made of 100 cSt silicone
oil, oscillating at 100 Hz. This research is located in the not already investigated
area (Ohb  1 and Ohd  1) of our exploration map presented on Fig. 1.12b.
The droplet moves horizontally on the surface and its speed increases until
reaching the edge of the bath and collapsing, such a droplet is presented on
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Fig. P.1. This droplet seems to move as a roller [47] and to emit waves as a
self-propelled ratchet [7]. It would be interesting to investigate a droplet that
combines both modes of self-propulsion.
Fig. P.1: Top view of a droplet of several millimeter bouncing on an oscillating
liquid bath at 100 Hz. The two liquids are made of 100 cSt silicone oil. This
droplet is moving towards the top right corner [Credit: S. Protière]. It exhibits
the characteristics of two self-propelled modes: the ratchet and the roller [7,47].
Test the limit of the spring system model
In Chapter 3, we developed a model to mimic a droplet bouncing on an oscillat-
ing highly viscous bath based on two masses linked with a spring. We compared
both experimental and numerical bifurcation diagrams at a ﬁxed frequency of
50 Hz. The model proved to be very eﬃcient to reproduce a number of bouncing
periodic modes that were observed. One can seek the limitations of this model.
Can it reproduce the variation of the trajectory with the frequency and the
droplet sizes? Preliminary results are shown on Fig. P.2. The transition from a
bouncing mode (1,1) to a mode (2,2) measured at ΓPDB and the transition to a
mode (2,1) measured at ΓP2 vary with the size of the droplet and the frequency.
On the one hand, we observe that the ΓPDB transition does not seem to depend
on the size of the droplet nor on the frequency. This transition ΓPDB is observed
until a cut-oﬀ frequency, depending on the size of the droplets, is reached. On
the other hand, the acceleration ΓP2 does not depend on the droplet sizes at
low frequency. This transition increases with the frequency at high frequency
and to depend on the droplet size.
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Fig. P.2: The transition accelerations ΓPDB (H symbol) and ΓP2 (N symbol)
are measured for 4 diﬀerent droplets which sizes are Dgreen = 710µm, Dblue =
890µm, Dorange = 1020µm, Dpink = 1285µm. Diameters are indicated on the
ﬁgure. The plain and dashed lines are guides for the eyes.
Extend the spring model to the deformable bath
In order to reproduce the observed bifurcation diagrams, a second spring model
can be proposed for droplets bouncing on a low viscous bath. Starting from
the design developed in Section 3.3, we add, on the oscillating plate, a spring
linked to a mass mb to model the deformable bath (cf. Fig. P.3b). The mass mb
represents the ﬂuid of the bath that is set into motion when a droplet impacts
the bath [9294]. This mass mb is linked to the oscillating plate with a spring
of stiﬀness kb in parallel to a dashpot of damping ratio ξb (cf. Fig. P.3a). These
parameters represent the elasticity of the liquid surface and the dissipation in
the bath by the viscosity.
The model is a bit more complicated than the previous one because we
have to adjust 3 additional parameters: the mass mb, the stiﬀness kb and the
damping ration ξb. We can keep the parameters of the spring (k and ξ) and
the masses (m1 and m2), which characterize the droplet, like they have been
ﬁxed for the rigid surface in Section 3.3. To adjust the stiﬀness kb, one can
observe a droplet ﬂoating on the liquid surface and deduce the sinking depth
of the droplet δ by comparing kbδ ≈ Mg where M is the mass of the droplet.
Then, by analyzing a bouncing droplet on a static, low viscosity bath, we can
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adjust the ﬂuid mass mb that is accelerated and the dissipation in the bath ξb.
When all simulation parameters are determined, we can simulate the droplet
with a bouncing spring on the oscillating spring as shown on Fig. P.3b in order
to reproduce our observations detailed on Fig. 4.3.
k, ξ
A
f
(b)(a)
ymb
kb, ξb
m1
m2
mb
ξbkb
Fig. P.3: (a) The bath is modeled by a mass mb linked to the oscillating plate
with a spring of stiﬀness kb in parallel to a dashpot of damping ratio ξb. (b)
The droplet is mimicked by a spring system as detailed in Section 3.3 which
itself bounces on the model bath.
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Appendix A
Silicone oils properties
In a vast majority of cases, we used in this thesis Dow Corning silicone oils.
Silicone oils are pure and low volatile liquids. Interactions in between molecules
are of the Van der waals type which simpliﬁes the expression of the long range
forces. Surface tension is low which prevents surface contamination and is thus
stable in time. By changing the length of the molecules, it exists a wide range of
viscosities. The physical properties kinematic viscosity ν, density ρ and surface
tension σ of Dow Corning silicone oils are reported at 25 C˚ in Table A.1.
ν (cSt) σ (mN/m) ρ (kg/m3)
0.65 15.9 761
1 17.4 818
1.5 16.8 850
10 20.1 934
20 20.6 949
50 20.8 960
100 20.9 960
1000 21.2 971
100 000 21.5 (extr.) 975 (extr.)
Table A.1: Dow Corning silicone oil physical properties. (extr.) means extrapolation.
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Appendix B
Lighting and image acquisition
A fast video camera (up to 5000 fps) combined with an appropriate lighting are
required to visualize millimetric droplets bouncing at frequencies over 20 Hz.
Several fast video cameras were available all along this thesis but we mainly
used the N3 and the Y4L from Integrated Device Technology, Inc. (IDT). Fast
video cameras demand a powerful lighting, we used, for example, several sets of
7LED-cluster from IDT.
In Fig. B.1a, we present an experimental setup used to track the vertical
trajectory and the shape of a bouncing droplet along the time. The droplet is
illuminated from the back with a light and its shape is captured by a camera.
The light, the droplet and the camera are aligned.
The electromagnetic shakers are GW-V55 or GW-V20. The acceleration of
the plate is recorded by an accelerometer represented in red in the ﬁgures. All
the acceleration values in this manuscript are given with an error of 2%.
In Fig. B.1b, we detail a setup used to observe with great precision the
waves launched on the surface by a bouncing droplet. The bath is illuminated
by a perpendicular light ﬁxed above it, the reﬂected beam from the bath and
the drop is then reﬂected to the camera via a 50% beam sampler. It is really
important to make sure that the light and the camera are placed on a same axis.
In Fig. B.1c, we describe a setup used to observe the dynamics of the air
ﬁlm. Several low pressure sodium lamps are placed around the droplet. A
monochromatic light allows us to visualize the interference fringes produced by
the thin air ﬁlm located between the droplet and the bath. The liquid bath is
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bound by a transparent container raised above the plate. Below the container
a mirror at 45 ◦ reﬂects the interfered light coming from the air ﬁlm to the
high-speed video camera. The number of fringes gives information about the
thickness of the air ﬁlm [95,96].
(b)
50% beam
sampler
light
fast camera
(a)
fast cameralight
diffuser
(c)
fast camera
Sodium
lamp
mirror
Figure B.1: Sketches of three experimental conﬁgurations used during this thesis.
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Aliasing technique
The sodium lamps are oscillating at 100 Hz (alternative tension) this is a prob-
lem when recording movies with a high speed camera. Considering a periodical
motion, we propose a method to record the motion during several periods and
reconstruct a detailed single one. We choose to capture a picture every 10 ms
(100 Hz), this allows us to obtain enough brightness and to decrease the shutter
time. If each period is identical and that we want to obtain 50 images along one
period, images will be separated by a constant phase 100/(50f). For instance,
that can be possible when the frequency of the shaker is ﬁxed to 26 Hz if we
consider 13 periods. Doing so, it is possible to reconstruct one single period by
superposing the 13 periods. Similar results may be obtained by considering f =
46, 74, and 98 Hz and 23, 37, and 49 periods, respectively.
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Appendix C
Droplet generators
Droplets on demand can be generated in diﬀerent ways. First, they can be
made with a syringe using needles of diﬀerent diameters to produce droplets of
various sizes. Using this method, the smallest diameter for silicone oil droplets
is roughly 1.5 mm.
For smaller droplets, a rod can be dipped into the bath and then extracted,
a capillary bridge is forming at the tip of the rod that leaves a droplet when it
breaks. Selected diameters depend on the rod width and the extraction speed
[97], diameters are thus measured a posteriori. An automatic device can be
built to produce droplets of reproducible diameters [98]. A limitation of this
method is that the liquid of the drop and the bath must be identical.
A third method entails the use of a drop dispenser, a shock wave is launched,
via a piezoelectric chip, in a small container with a hole ﬁlled with a liquid (cf.
Fig. C.1 and C.2). A drop is ejected from the hole and its diameter is related
to the one of the hole. With this technique, we are able to produce repeatedly
droplets of silicone oil or water of the same diameter in a range of 100 µm to a
few millimeters.
The dispenser setup is presented on Fig. C.1. A piezoelectric chip is glued
on the top of a small cylindrical container and a small hole is drilled in the
middle of the bottom wall (cf. Fig. C.2). The hole has been especially designed
with an excimer laser (cf. Fig. C.2.c), the diameter is 600 µm with a groove
around which pins the contact line of the liquid. The container is connected
to a tank ﬁlled with liquid in which the air pressure is ﬁnely controlled using
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Pressure
control
Oil
Piezoelectric
device
ΔTA
ms
V
VP
 0
signal
drainage
pipe
Figure C.1: Schematic illustration of the droplet dispenser.
a)
b)
c)
Figure C.2: Pictures of the droplet dispenser.
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a pressure pump (Furness controls FCO502). The dispenser is fully ﬁlled with
liquid from the tank and remaining air bubbles are evacuated by the drainage
pipe before closing it. Then, using the air pump the pressure in the dispenser
is ﬁnely adjusted so that the liquid surface into the hole is just at the level of
the exit hole. No liquid may drain out nor air bubble may enter the container.
The piezoelectric chip (MULTICOMP ABT-441-RC) is connected to a pulse
generator that produces a square pulse of 0 to 100 V tension and of a few
milliseconds width. Typically we use a square signal of 80 V in tension and
5 ms in width which produces a shock wave in the liquid that leads to the
generation of a droplet. Multiple droplets can be produced by series of pulses.
With 20 cSt silicone oil and a 600 µm nozzle, droplets of 700 µm diameter ± 3%
are produced. By changing the tension of the square signal from 50 to 80 V
we produced droplet raging from 650 µm to 750 µm, the droplet size increasing
with the tension. In order to generate droplets of much more diﬀerent diameters,
holes of various diameters can be used. One can also merged droplets on the
bath in order to study diﬀerent droplet sizes.
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Appendix D
Molecular dynamics
simulations
The numerical simulations are performed following the Molecular Dynamics
method. This method considers deformable spheres which can interact through
impacts that are governed by repulsion(normal) and friction (tangential) laws.
Using this method, the individual trajectories of the spheres are calculated by
integrating their equations of motion. This method has been widely developed
in the ﬁeld of granular matter by computational experts [99]. The Molecular
Dynamics method is well explained in these two Ph.D thesis [100,101]. Here is
a summary. The method is divided into four steps :
1. the positions and the translational and rotational velocities are initialized;
2. the forces acting on each body are calculated, i.e gravitational, frictional
and normal forces;
3. the equations of motion are integrated at the same time for each spheres;
and
4. the new positions and the new translational and rotational velocities are
recorded;
Steps 2 to 4 are repeated until reaching the time deﬁned for the duration of the
simulation.
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In our simulation, the normal force ~N between the lower mass m2 of the
spring and the plate is estimated as follow. The contact between the plate and
the mass is seen as 2 spheres that can interpenetrate, of a distance δ. A Hooke
law is used to calculate the normal force:
N = kcδ. (D.1)
Impacts are most of the time inelastic, a dissipative force should then be
considered while the two spheres are interacting:
Fv = −ccdδ
dt
. (D.2)
In our simulation, we wanted to avoid interpenetration of the mass m2 and the
plate, the constant kc is thus set to a higher value than the stiﬀness k of the
spring modeling our drop. The droplet bounces on the plate because it stores
energy in deformation during impact that is restored later. We thus wanted
the most inelastic impact for the mass m2 with the plate in order to have no
eﬀect on the bounce. We thus considered a really high value for cc (as high as
permitted by the numerical computation).
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Appendix E
Selection of publications
In this appendix, we present two publications that have been written during two
internships, the ﬁrst one at the Laboratoire Matière et Systèmes Complexes,
in the team of Yves Couder, at the Université Paris Diderot-Paris 7 (France)
and the second one in John Bush's Group at the MIT - Massachusetts Institute
of Technology (USA).
The ﬁrst work Wave propelled ratchets and drifting rafts is about droplets
of uneven size bouncing on a low viscous bath. They interact with the wave ﬁeld
they emit to form a bound state that moves horizontally on the liquid surface.
This self-propelled system is due to the asymmetry in the emitted wave ﬁeld.
By varying the forcing amplitude, the droplet bouncing mode can be changed
inducing a reversal of the direction of this ratchet-like system. This mechanism
of self-propulsion can be generalized to rafts of several droplets.
The second publication Tibetan singing bowls presents a study of ﬂuid-
ﬁlled singing bowls, originating from the Himalayas, which produce a myriad
of droplets when they sing. The ejection of droplets out of the bowl is shown
to come from the breaking of Faraday waves that are excited when the bowl
is rubbed and is singing. In certain conditions, small droplets are observed to
bounce periodically on the liquid surface.
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PACS 47.55.D- – Drops and bubbles
PACS 05.65.+b – Self-organized systems
PACS 05.45.-a – Nonlinear dynamics and chaos
Abstract – Several droplets, bouncing on a vertically vibrated liquid bath, can form various types
of bound states, their interaction being due to the waves emitted by their bouncing. Though they
associate droplets which are individually motionless, we show that these bound states are self-
propelled when the droplets are of uneven size. The driving force is linked to the assymetry of the
emitted surface waves. The direction of this ratchet-like displacement can be reversed, by varying
the amplitude of forcing. This direction reversal occurs when the bouncing of one of the drops
becomes sub-harmonic. As a generalization, a larger number of bouncing droplets form crystalline
rafts which are also shown to drift or rotate when assymetrical.
Copyright c© EPLA, 2008
Introduction. – The self-propulsion of particles
moving in a spatially periodic, assymetrical potential has
been widely studied recently. Several physical systems
have been proposed, aimed at providing models for the
motion of biomolecular motors in which the energy input
is the Brownian motion [1,2]. In these model systems an
assymetry is needed which can have various origins. i) It
can come from the substrate: it was shown, for instance,
that Leidenfrost drops bouncing on an assymetrically
structured medium translate spontaneously [3]. ii) It
can be introduced in the moving object as, e.g., when
it is formed of an assymetrical assembly of two different
structures [4]. iii) Finally, in non-linear systems the
breaking of symmetry can be spontaneous and due to
a bifurcation [5]. In a recent work [6,7], we showed
that the latter phenomenon was responsible for the
spontaneous horizontal displacement of a liquid drop on a
vertically vibrated bath of the same fluid. In general the
drop bounces at the forcing frequency and is otherwise
motionless as described in [8–10]. Near the Faraday
instability threshold, the bouncing becomes sub-harmonic
and the drop becomes the source of a localized Faraday
wave packet. By interaction with its own wave, the
drop becomes a self-propelled “walker” moving on the
surface at constant velocity [7]. In the present letter we
(a)E-mail: antonin.eddi@univ-paris-diderot.fr
investigate, in the same type of experiment, the behaviour
of self-assembled assymetrical bound states. Each element
is here individually motionless: the motion comes from
the assymetry of their assembly.
Experiment. – The experiments are performed on
a liquid bath of thickness h0 = 3mm submitted to a
vertical oscillating acceleration γ = γmcos(2pif0t). In the
following the control parameter of the system will be the
non-dimensional amplitude of the forcing acceleration:
Γ= γm/g. The liquid is silicon oil with viscosity µ1 = 20×
10−3 Pa · s, surface tension σ= 0.0209N ·m−1 and density
ρ= 0.965103 kg ·m−3. The forcing frequency f0 = 80Hz
is fixed. The drops are created by swiftly removing a
pin dipped in the oscillating bath. The breaking of the
liquid bridge between the pin and the bath can generate
drops with diameters 0.1<D< 1.5mm. When the forcing
amplitude is large enough, typically when γm becomes
larger than g, the drop lifts off at each period. The air film,
which separates the drop from the substrate, is renewed at
each period so that the bouncing can be sustained indefi-
nitely [8,10]. The detail of their bouncing can be observed
and recorded using a fast video camera (1000 images/s).
Bound states. – When two drops are present on the
interface they “condense” into a stable bound state, a
distance d0bd separating them. The non-local interaction
between drops is provided by the damped capillary waves
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Fig. 1: Photographs of self-assembled bouncers forming self-
propelled bound states. The two droplets have diameter of
D1 = 0.73mm and D2 = 0.89mm, respectively. Γ is the vertical
acceleration normalized by g. In case a) (Γ= 2.6< Γ1), the
two droplets are simple bouncers and the ratchet is pushed by
the larger droplet. In case b) (Γ1 < Γ= 3.3< Γ2), the smaller
droplet has a period-doubled bouncing and has become the
pusher. In case c) (Γ2 < Γ= 3.6), the motion has reversed again
as both drops have become period-doubled bouncers. See also
the supplementary multimedia material Ratchet motion.mov.
they emit. When a drop hits the bath, the collision
forms a small crater in the surface. When the drop lifts
up, the wave created by the shock evolves freely, the
edge of the crater forming the crest of a circular wave
propagating radially. In a bound state, each drop falls on
a surface disturbed by the circular wave emitted during
previous periods by its neighbour. With two drops of
identical size, the system self-organizes in such a way
that, during its collision with the bath, the horizontal
impulse given to each drop is zero. This equilibrium can be
obtained at a distance between drops d0bd = λ0− &, where
λ0 is the wavelength of the surface waves at the forcing
frequency [7], and & is an offset due to finite duration of
the collision. With more than two drops the condensation
leads to the formation of stable rafts with a crystalline
lattice of the same periodicity d0bd. With drops of identical
size both the bound states and the clusters are motionless.
When they are formed of drops of different sizes, they have
a spontaneous drift motion.
We first focus on the association of two drops of
diameter D1 and D2 (with D1 <D2). For low values
of Γ= γm/g the bound state they form is observed to
translate, the large drop pushing the small one. This is
the mode 1 shown in fig. 1a. In fig. 2, we have plotted
the velocity of several bound states as a function of Γ;
mode 1 being associated to negative velocities. The bound
state’s velocity is a function of both diameters of the drops.
Relatively fast translation motions are observed as, e.g.,
V = 3mm/s for drops with D1 = 1mm and D2 = 1.12mm.
When Γ is increased, the velocity of the pair becomes
at first larger, then a reversal of the direction of motion is
observed so that the small drop now pushes the large one
(mode 2, fig. 1b). This transition, observed for all pairs
of drops, occurs at a value Γ1 which is a function of the
diameter D1 of the smaller drop (fig. 2).
When the two droplets have diameters in between D=
0.5mm and 0.9mm, a more complex sequence of behaviors
is observed, characterized by two new thresholds, Γ2 and
Γ3. Over the value Γ2 there is a second reversal in the
direction of motion (transition to mode 3, fig. 1c). In this
case the large drop pushes again the small one. One can
Γ (reduced acceleration)
Fig. 2: The velocity of 3 couples of droplets as a function
of Γ. The dots correspond to a couple of bound drops with
D1 = 0.87mm and D2 = 0.96mm, the triangles to D1 = 1mm
and D2 = 1.12mm and the rhombs to D1 = 1.03mm and
D2 = 1.23mm. The continuous curves are simple interpola-
tions. The crosses correspond to the reversal threshold Γ1.
note that, after this transition, the distance dbd between
the two drops becomes larger. Finally, the third threshold
is reached at Γ= Γ3, when the drops begin orbiting around
each other.
Before giving an interpretation of these effects we must
first characterize the bouncing of a single droplet. In our
fixed experimental conditions (i.e. viscosity and forcing
frequency being fixed) the types of observed bouncing are
a function of the droplet diameter D and of the reduced
acceleration Γ [7]. Figure 3a is a phase diagram which
summarizes the behaviors observed for a single droplet. In
the region B of this diagram, the drop bounces at the forc-
ing frequency. When Γ is increased the successive jumps
become alternatively large and small, so that the period of
the motion doubles (in region PDB of fig. 3a). The transi-
tion to this period doubling strongly depends on the drop’s
size. Larger drops do not lift away so easily because their
deformation increases the size of their zone of near contact.
Both the simple bouncing and the period doubling occur
for larger values of Γ. This is related to the deformation
of the drop during its collision with the substrate. This
deformation depends on the drop’s size D since it is
characterized by the Weber number: We= (ρV 2D)/(2σ),
the ratio of the kinetic energy of the drop to its surface
energy. For drops of intermediate size, 0.5<D< 0.9mm
the period doubling can become complete so that the drop
touches the surface once in two periods. Correlatively, it
becomes a “walker” (in the region W in fig. 3a) moving at
a constant velocity in the horizontal plane. The walkers
were already investigated elsewhere [7].
We can now return to pairs of interacting drops. They
form stable bound states at a well-determined distance
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Γ (reduced acceleration)
Fig. 3: a) Phase diagrams of the droplet’s behaviour as a
function of their diameter D and of the reduced acceleration Γ.
The viscosity of the silicon oil used is µ= 20× 10−3 Pa · s and
the forcing frequency f0 = 80Hz. The various zones correspond
to the different behaviors of a single droplet: in B it bounces
at the forcing frequency, in PDB the bouncing has undergone
a period doubling, in CB the bouncing has become chaotic
through a period-doubling cascade. In region W the droplets
become walkers with a spontaneous horizontal displacement at
a constant velocity. Region F is the Faraday instability zone.
Panel b) shows, on the same phase diagram, the transition
value Γ1 for nine bound states. Two droplets forming a bound
state are linked by a vertical dashed line. Their diameters are
given along the ordinate axis. The abscissa at which they are
represented is the value of Γ1 for each bound state. Panel c)
shows, with the same principle, the three thresholds observed
for one single pair of droplets with diameters D1 = 0.57mm
and D2 = 0.75mm.
d0bd from each other. Their non-local interaction is due
to the surface wave they emit by their bouncing. The
observed drift motion of uneven drops signifies that the
forces exerted by the droplets on one another are not
symmetrical: action appears to be different from reaction.
In order to understand this drift we can first consider the
motion of each droplet, then we will return to a global
description of the system.
Local behavior. – The fast camera at a large magni-
fication (see fig. 1) reveals images of the drops forming
the ratchet in the three different regimes. In mode 1 both
drops oscillate at the same frequency. However, the drops
being unequal, neither the lift-off, nor the collision after
the free flight, are simultaneous. At each period, the small
drop hits the interface later than the large one. Being close
to it, the small drop falls on the outer slope of the ridge
of the crater formed by the larger drop. It thus receives
a forward kick. Correlatively, the crater of the large drop
becomes assymetrical by the collision of the small drop.
As a result, at lift-off, the large drop also moves forward.
Both drops thus receive a kick in the same direction and
propagate together.
Where does the reversal in the motion direction come
from? Just over the transition the small drop has under-
gone period doubling so that its successive collisions
become uneven. One out of two shocks is weak and unef-
fective. During the other collision, the small drop hits the
interface before the large one and repells it (see fig. 1b).
This is confirmed by direct observation with a fast video
camera. In fig. 3b, we have used the previous phase
diagram, fig. 3a, of the individual droplets to represent the
threshold values of Γ2 for pairs of droplets. Γ2 is system-
atically slightly larger than the value of Γ for which the
smaller drop has entered the region of period doubling.
Global considerations. – The two drops receive
energy from the vibration generator but, as the imposed
vibration is vertical, it does not directly provide a driving
force. The motion is due to the initial asymmetry resulting
from the different size of the droplets. This is natural:
considered as a whole the two drops do not form an
isolated system because they emit waves which propagate
away. The waves are carrying away a flux of momentum
which can be estimated. Observing the waves far from
the bound state, one can assume that they are locally
travelling plane sinusoidal waves with surface elevation
ζ = a cos(ωt− kx), a being the wave’s amplitude, ω its
pulsation and k its wave number. Such waves possess an
average momentum 1/2(ρωa2) per unit surface, with ρ the
fluid density [11,12].
This action reaction effect between the droplets and
the waves explains the ratchet motion. However, it should
be recalled that there is no exact momentum conserva-
tion in our system, because of dissipation. Consequently,
it is not possible to make this argument more quantita-
tive. Besides dissipation is needed. The emitted waves are
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damped by viscosity before reaching the boundaries so
that no reflected wave returns to the ratchet. If dissipation
vanished, waves would reflect on the borders and accumu-
late on the whole bath. The droplets would then have a
chaotic motion on those waves. In a finite cell the breaking
of time symmetry by dissipation thus appears necessary
to propulsion. Note that in an infinite system dissipation
should not be needed, causality being sufficient to give a
direction to the wave propagation.
We can now consider the flux of momentum due to each
of the droplets. At low forcing acceleration, observation
with a fast camera shows that both drops oscillate at the
forcing frequency f0. Because of the difference of their
masses the waves emitted by the two drops have different
amplitudes, the larger the mass, the larger the amplitude.
The reaction, resulting from the emission of momentum
by the waves, pushes the bound state, the large droplet
being behind.
With the increase of Γ, the bouncing of the smaller drop
undergoes a period-doubling transition while the larger
drop continues bouncing at the forcing frequency.
After period doubling, the small drop begins to emit
surface waves of frequency f0/2. This is the Faraday
frequency, which is the least damped by the system,
because of the proximity of the Faraday instability thresh-
old. Independent measurements enable us to measure the
amplitude of the waves. In the typical situation shown
in fig. 4, the amplitude of the wave emitted by the small
droplet is approximately five times greater than the ampli-
tude of the wave emitted by the larger drop. Thus, the
assymetry of the wave emission is reversed and the flux of
momentum carried away by the emitted wave is larger on
the side of the small drop. The resulting reaction pushes
the bound state, the small drop being behind. Figure 3b
confirms that Γ1 corresponds to the value for the period
doubling of the smaller drop.
When the two droplets have diameters in the narrow
range between D= 0.5mm and 0.9mm, at a value Γ2
the distance dbd between the two droplets increases and
correlatively the direction of motion changes again. The
plot in fig. 3c confirms that Γ2 corresponds to the value
for the period doubling of the larger drop. In this case,
both droplets emit waves at the Faraday frequency. The
distance dbd changes accordingly to reach d1bd = λF − &,
where λF is the wavelength of the surface waves at
the Faraday frequency (see fig. 1c). Finally, the third
threshold Γ3 is reached where the drops begin orbiting.
This corresponds to the situation when one of the drops
achieves a complete period doubling and enters the W
region of the phase diagram (see fig. 3c).
Drifting and rotating aggregates. – The existence
of aggregates has been previously investigated [7,13,14].
However, we show here a new behaviour relying on
the same physical effect as the spontaneous motion of
a two-droplets bound state. When the drops forming
the aggregate are of uneven size, a slow spontaneous
Fig. 4: Two top views of the same ratchet. Left: below Γ1
the larger drop emits a wave of larger amplitude. Thus the
bound state propagates to the right. Right: over Γ1, the smaller
droplet has undergone a period doubling and emits a Faraday
wave of larger amplitude: the bound state propagates to the
left.
displacement of the whole cluster is observed. The nature
of the motion depends on the symmetry of the system. The
global shape of the small agregates is dominated by the
trend to form a triangular lattice. It is combined with a
trend for an aggregate formed of a given number of particle
to minimize its outer perimeter.
The simplest possibility is the case of three drops.
This type of bound state, with either a small drop and
two large ones or the reverse situation, present the same
first reversal. If we consider larger aggregates, in first
approximation, each drop located at the periphery emits
a wave, which can only propagate in the free surface. The
reaction to the emission of the wave by each droplet placed
at the periphery will be perpendicular to the local facet or
if it is located at a vertex, along the bisector of the wedge
under which it “sees” the free surface. If the direction
of emission passes through the center of mass of the
aggregate, the reaction will generate a drift, if not it will
create an angular momentum and the cluster will rotate.
Figure 5 shows two rotating aggregates. For drops which
have diameter D in between D= 0.5 and 0.9mm, they are
able to undergo a transition to a subharmonic bouncing.
At the transition, the drops take various phases relatively
to the forcing frequency. The mutual distance between two
drops depends on whether they bounce in phase or with
opposite phases. The aggregate thus becomes disordered
before reorganizing in a more complex crystalline structure
with two typical lengths that will be discussed elsewhere.
Conclusion. – In our experiment each bouncing
drop is a mobile wave source. If isolated, it is either
motionless or can move at a constant velocity by breaking
of symmetry. When several wave emitters are present
simultaneously on the surface they interact and form
bound states and organized clusters. Here we have shown
that these systems, when formed of uneven droplets, are
spontaneously mobile by reaction to the waves they emit
outwards. Such a mean of propulsion by reaction to the
emission of surface waves was one of the mechanisms
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Fig. 5: (Top view) Two crystalline aggregates made of simple
bouncers. In order to make the cluster asymmetric, all droplets
are identical except two which have a larger diameter. In the
two cases, the cluster rotates and the rotating period is around
90 s. The straight arrows represent the propulsion in reaction
to the emission of surface waves.
proposed for the motion of water striders [15], even if
more recent works [12] have shown that in this case
the emission of vortices is the dominant effect. In our
experiment, as the reaction depends on the frequency and
the amplitude of the waves, bound states of uneven-size
droplets present reversals in their motions when one of
the drops undergoes subharmonic period doubling. For
aggregates of uneven-size droplets, the asymmetry leads
to spontaneous translation or rotation.
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Abstract
We present the results of an experimental investigation of the acoustics and fluid
dynamics of Tibetan singing bowls. Their acoustic behaviour is rationalized in
terms of the related dynamics of standing bells and wine glasses. Striking or
rubbing a fluid-filled bowl excites wall vibrations, and concomitant waves at the
fluid surface. Acoustic excitation of the bowl’s natural vibrational modes allows
for a controlled study in which the evolution of the surface waves with increasing
forcing amplitude is detailed. Particular attention is given to rationalizing the
observed criteria for the onset of edge-induced Faraday waves and droplet
generation via surface fracture. Our study indicates that drops may be levitated
on the fluid surface, induced to bounce on or skip across the vibrating fluid
surface.
Mathematics Subject Classification: 74-05, 76-05
S Online supplementary data available from stacks.iop.org/Non/24/R51/mmedia
(Some figures in this article are in colour only in the electronic version)
1. Introduction
Tibetan singing bowls are thought to have originated from Himalayan fire cults of the 5th
century BC and have since been used in various religious ceremonies, including shamanic
journeying and meditation. The Tibetan singing bowl (see figure 1 and the supplementary data
(movie 1) available at stacks.iop.org/Non/24/R51/mmedia) is a type of standing bell played
by striking or rubbing its rim with a wooden or leather-wrapped mallet. This excitation causes
the sides and rim of the bowl to vibrate and produces a rich sound. Tibetan bowls are hand
made and their precise composition is unknown, but generally they are made of a bronze alloy
that can include copper, tin, zinc, iron, silver, gold and nickel. When the bowl is filled with
water, excitation can cause ripples on the water surface. More vigorous forcing generates
progressively more complex surface wave patterns and ultimately the creation of droplets via
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Figure 1. Our Tibetan singing bowls: (a) Tibet 1, (b) Tibet 2, (c) Tibet 3 and (d) Tibet 4.
wave breaking. We here quantify this evolution, and demonstrate the means by which the
Tibetan singing bowl can levitate droplets.
Related phenomena are known to appear in other vessels, including the Chinese singing
bowl, on which vibrations are generated by rubbing the vessel’s handles with moistened hands.
The more familiar vibration of a wine glass is produced by rubbing its rim with a moist finger.
The dependence of the glass’s vibration frequency on its material properties, geometry and
characteristics of the contained fluid was elucidated by French [1] and subsequent investigators
[2–5]. The coupling between two singing wine glasses has been investigated by Arane et al [6].
Apfel [7] demonstrated experimentally that wine glass vibration generates capillary waves near
the walls of a fluid-filled glass. Moreover, he made the connection between these waves and the
acoustic whispering gallery modes elucidated by Rayleigh [8]. By studying the deformation
and the sound spectrum produced by a single wine glass, Rossing [9] elucidated the mechanism
of the glass harmonica [10], an instrument designed by Benjamin Franklin. Joubert et al [11]
provided a theoretical rationale for observations of standing waves in a singing wine glass.
The Tibetan singing bowl has to date received relatively little attention. Inacio et al examined
experimentally the acoustic response of bowls excited by impact and rubbing [12], and proposed
a dynamical formulation of the bowl and presented some numerical simulations [13]. The
hydrodynamics of a fluid-filled Tibetan bowl will be the focus of our investigation.
In 1831, Faraday [14] demonstrated that when a horizontal fluid layer is vibrated vertically,
its interface remains flat until a critical acceleration is exceeded. Above this threshold, a field
of waves appears at the interface, parametric standing waves oscillating with half the forcing
frequency [15–20]. The form of such Faraday waves depends on the container geometry;
however, boundary effects can be minimized by using a large container. The Faraday waves
have a wavelength prescribed by the relative importance of surface tension and gravity, being
capillary and gravity waves in the short and long wavelength limits, respectively. As the
forcing acceleration is increased, progressively more complex wave patterns arise, and the
interfacial dynamics become chaotic [19–21]. Ultimately, large amplitude forcing leads to
surface fracture and the ejection of droplets from the fluid bath. A recent study on the breaking
of Faraday waves in a vertically shaken bath has been performed in both the capillary and
gravity wave limits by Puthenveettil and Hopfinger [22]. Goodridge et al [23] studied the drop
ejection threshold of capillary waves in a glycerine–water solution for frequencies up to 100 Hz.
Faraday [14] reported that such parametric waves can also be emitted by a vertical
plate plunged into a liquid bath and shaken horizontally: along both sides of the plate,
waves aligned perpendicular to the plate oscillate at half the forcing frequency. These
so-called cross waves, or edge-induced Faraday waves, are typically produced by a wave
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maker, and have received considerable attention [24–28]. Hsieh [29] examined theoretically
wave generation in a vibrating circular elastic vessel, specifically the axisymmetric capillary
waves and circumferential crispations that appear in an inviscid fluid subject to radial wall
displacement. These studies have demonstrated that the excitation of the cross waves is due
to a parametric resonance. The complexity of this problem lies in the nonlinear interactions
between the motion of the oscillating rim and the resulting wave field.
Droplets ejected on the liquid surface by breaking Faraday waves may bounce, skid and
roll before coalescing. A number of recent studies have examined droplets bouncing on a
vertically vibrating liquid bath below the Faraday threshold [30–32]. The air film between
the drop and the liquid surface is squeezed and regenerated at each successive bounce, its
sustenance precluding coalescence and enabling droplet levitation. A similar effect arises on
a soap film, a system more readily characterized theoretically [35]. The bouncing periodicity
depends on the size of the drop and the vertical forcing acceleration of the bath [33, 34]. Couder
et al [30] have shown that, through the waves emitted at previous bounces, some droplets can
walk horizontally across the liquid surface. Several factors are needed to sustain a so-called
‘walker’ [36]. First, the drop must bounce at half the forcing frequency, so that it resonates
with the resulting Faraday wave field. Second, the bath must be close to the Faraday instability
threshold so that Faraday waves of large amplitude and spatial extent can be excited by the
drop impacts. The droplet bounces on the slope of the wave emitted at the previous bounce
and so receives an impulsive force in a specific direction, along which it walks with a constant
speed. Such walkers have both wave and particle components, and have been shown to exhibit
quantum-like dynamical behaviour previously thought to be peculiar to the microscopic realm
[37–40]. Might such modern physics arise in our ancient bowls?
The paper is divided into two main parts. In section 2, we examine the acoustics of
the Tibetan singing bowls. We begin in section 2.1 by reviewing the related dynamics and
theoretical description of the wine glass [1]. In section 2.2, our bowls are presented and their
deformation spectra analysed. Then, by adapting the theoretical description of the vibrating
wine glass, we infer the Young’s modulus of the alloy comprising our bowls. In section 3,
we examine the dynamics of flows generated within liquid-filled vibrating bowls. A review
of Faraday waves and droplet ejection on a vertically shaken bath is presented in section 3.1.
In section 3.2, our experimental technique is detailed. In section 3.3, we analyse the surface
waves generated on the liquid bath, and their relation to Faraday waves. In section 3.4, we
examine the limit of large amplitude forcing, in which droplets are ejected by breaking Faraday
waves. Comparisons are made with experiments performed on a vertically shaken liquid bath.
Droplet levitation is considered in section 3.5, where particular attention is given to developing
criteria for droplet bouncing and exploring the possibility of walking droplets. A summary of
our results is presented in section 4.
2. Acoustics
2.1. Background
Both the wine glass and the Tibetan bowl can be excited by either tapping or rubbing its
rim. We denote by (n, m) the vibrational mode with n complete nodal meridians and
m nodal parallels. Tapping excites a number of vibrational modes [10], while rubbing excites
primarily the (2,0) fundamental mode (see figure 2(b)). Entirely flexural motion implies radial
and tangential displacements proportional to n sin nθ and cos nθ , respectively, θ being the
azimuthal coordinate [41]. For the (2,0) mode the maximum tangential motion is necessarily
half the maximum normal motion.
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Figure 2. (a) Schematic illustration of a vibrating vessel filled with liquid. Relevant parameters
are the height H0 and the radius R of the vessel, the thickness of the rim a, the liquid level H , the
frequency f and the amplitude " of the oscillating rim. (b) Top view of a vibrating vessel in its
fundamental mode (2,0), characterized by its 4 nodes and 4 antinodes.
A leather mallet can excite bowl vibrations via a stick-slip process, as does a finger moving
on a wine glass. The moving mallet forces the rim to follow the mallet during the stick phase;
during the slip phase, the bowl rim relaxes to its equilibrium position. This rubbing results in a
sound composed of a fundamental frequency plus a number of harmonics. While the mallet is
in contact with the bowl, one of the nodes follows the point of contact [11], imparting angular
momentum to the bound liquid.
To simplify the acoustic analysis, one can approximate the glass or bowl by a cylindrical
shell with a rigid base and an open top (figure 2(a)). The system can then be described in
terms of 7 physical variables, the radius R, height H0, thickness a, Young’s modulus Y and
density ρs of the cylindrical shell, and the frequency f and amplitude " of its oscillating rim.
The system can thus be described in terms of 4 independent dimensionless groups, which we
take to be R/H , "/a, "/R and a Cauchy number Ca = ρsf 2"2/Y that indicates the relative
magnitudes of the inertial and the elastic forces experienced by the vibrating rim.
The sound is emitted by bending waves that deform the rim transversely as they propagate.
The speed Vb of bending waves on a two-dimensional plate of thickness a is given by [42]
Vb =
(
piVLf a√
3
)1/2
, (1)
where VL is the longitudinal wave speed in the solid (approximately 5200 m s−1 in glass). In
order for the bending wave to traverse the perimeter in an integer multiple of the period, we
require
1
f
∝ 2piR
Vb
. (2)
Thus, since Vb ∼ √f a, we have f ∝ a/R2: the frequency increases with rim thickness, but
decreases with radius.
A more complete theoretical analysis of the wine glass acoustics [1] can be applied to
our Tibetan bowls. An ideal cylinder fixed at the bottom is considered (figure 2(a)), its wall
vibrating with largest amplitude at its free edge or rim. The rim’s kinetic energy and elastic
energy of bending in the mode (2,0) are calculated by assuming that the radial position is
proportional to cos 2θ , with θ being the azimuthal coordinate. By considering conservation
of total energy (kinetic plus elastic bending energy), an expression for the frequency of this
mode can be deduced:
f0 = 12pi
(
3Y
5ρs
)1/2
a
R2
[
1 +
4
3
(
R
H0
)4]1/2
. (3)
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Table 1. Physical properties of the four Tibetan bowls used in our study.
Bowl name Tibet 1 Tibet 2 Tibet 3 Tibet 4
Symbol • ◦ ! ♦
f(2,0) (empty) (Hz) 236 187 347 428
Radius R (cm) 7.5 8.9 6 5.9
Thickness a (cm) 0.34 0.38 0.31 0.37
Mass (kg) 0.690 0.814 0.306 0.312
Volume (cm3) 76 97 35 33
Density (kg m−3) 9079 8366 8754 9372
When the bowl is partially filled with liquid to a depthH (figure 2(a)), the frequency decreases.
French [1] captured this effect by considering the kinetic energy of the liquid near the rim, and
so deduced the frequency of the fundamental mode:(
f0
fH
)2
∼ 1 + α
5
ρlR
ρsa
(
H
H0
)4
, (4)
where ρl is the liquid density and α ∼ 1.25 is a constant indicating the coupling efficiency
between the rim and fluid displacements. Similarly, frequencies of higher modes can be
calculated by considering a radial position proportional to cos nθ and withm nodal parallels [1]:
f(n,m) = 112pi
(
3Y
ρs
)1/2
a
R2
[
(n2 − 1)2 + (mR/H0)4
1 + 1/n2
]1/2
. (5)
2.2. Tibetan bowls
Four different antique bowls of different sizes have been studied (figure 1). They are referred
to as Tibet 1, 2, 3 and 4 and their physical characteristics are reported in table 1.
When a bowl is struck or rubbed, the sound emitted by the resulting bowl vibrations is
recorded with a microphone and a fast Fourier transform performed on the signal. Different
peaks clearly appear in the frequency spectrum, corresponding to the bowl’s different
vibrational modes. Figure 3(a) indicates the frequency spectrum generated by striking the
empty bowl Tibet 4. When the bowl is rubbed with a leather-wrapped mallet, the lowest mode
is excited along with its harmonics, an effect known as a mode ‘lock in’ [43]. The frequency
spectrum of Tibet 4 when rubbed by a leather mallet is presented in figure 3(b). Due to the
bowl asymmetry, two peaks separated by several Hz arise and a beating mode is heard. This
split is highlighted in a magnification of the first peak f(2,0) in the inset of the figure. The
deformation shapes are the same with both frequencies but there is horizontal angular shift
observed to be pi/4 between them for the fundamental modes (2, 0) and pi/2n for other (n, 0)
modes. Finally, we note that, owing to the relative squatness of the bowls and the associated
high energetic penalty of modes with m '= 0, only modes (n, 0) were excited; henceforth, such
modes are denoted simply by n.
We can also find a relation between the different mode frequencies. Since the speed of the
bending wave is proportional to the square root of the frequency, v ∝ √f and since λ = v/f ,
we expect λ ∝ 1/√f a. For the mode n, we thus have 2piR = nλn. The frequency of this
mode n should thus be proportional to
f ∝ n
2a
R2
. (6)
In figure 4(a), resonant frequencies of the 4 bowls are plotted as a function of their
corresponding mode n and a power 2 curve is fit onto each curve. In figure 4(b), we collapse
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Figure 3. (a) Frequencies excited in the bowl Tibet 4 when struck with a wooden mallet. The
different peaks correspond to the natural resonant frequencies of the bowl, and the associated
deformation modes (n,m) are indicated. (b) Excited frequencies of the bowl Tibet 4 when rubbed
with a leather mallet. The first peak corresponds to the deformation mode (2,0) and subsequent
peaks to the harmonics induced by mode lock-in. In the inset, a magnification of the first peak
provides evidence of its splitting due to the asymmetry of the bowl.
0
1000
2000
3000
4000
5000
6000
7000
0 2 4 6 8 10 12
Tibet 2
Tibet 1
Tibet 3
Tibet 4
f(H
z)
n
(a)
100
1000
104
2 3 4 5 6 7 8 9 10
f R
2 /a
 (m
/s)
n
(b)
Figure 4. (a) Measurements of the resonant frequencies of the different deformation modes n for
the 4 different Tibetan bowls. (b) Characteristic speed fR2/a as a function of deformation mode
n for the 4 different bowls. Data are fit by a power 2 curve indicating that fn ∝ n2a/R2, consistent
with equation (6).
all these curves onto a line by plotting the characteristic speed fR2/a as a function of the
mode n, thus validating the proposed scaling (6).
It is readily observed that the resonant frequencies decrease when liquid is poured into a
vessel. In the inset in figure 5(a), we report the measurements of the fundamental frequency
of the bowl Tibet 1 as a function of the dimensionless liquid height H/H0. In figure 5(a), we
report (f0/fH )2 as a function of (H/H0)4. According to (4), the slope of this curve gives the
ratio α5
ρlR
ρsa
. In figure 5(b), we present the dependence of (1 + 1/n2)(R2/a)2f 2 on (n2 − 1)2
for the deformation modes n = 2 through 6 of the bowls Tibet 1, 2, 3 and 4. According to (5),
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Figure 5. (a) The fundamental frequency of Tibet 1’s mode (2,0) as a function of the water
height H/H0. According to equation (4), the slope is equal to α5 ρlRρsa . (b) The dependence of
the resonant frequencies f of all the bowls on the deformation mode n may be used to infer
the ratio Y/ρs. According to (5), the slope of the line shown is 148pi2
Y
ρs
, from which we infer
Y/ρs = 8.65× 106 Pa m3 kg−1.
the slope should be equal to 148pi2
Y
ρs
. For each value of the abscissa there are 4 measurements
corresponding to the 4 Tibetan bowls. Data points from the different Tibetan bowls overlie
each other, especially at low n, indicating that all bowls have the same value of ratio Y/ρs, and
so are likely made of the same material. A linear fit gives Y/ρs = 8.65× 106 Pa m3 kg−1.
We can simply estimate the density for each Tibetan bowl by measuring its mass and
volume. Masses are measured by a weight scale with an error of 2 g while bowl volumes are
deduced by fluid displacement during submersion. The error made on the volume with this
method is estimated to be no more than 5%. All such density measurements are reported in
table 1. Taking the mean value of the densities, equal to 8893 kg m−3, we calculate a Young
modulus Y = 77± 6% GPa. This value is in the Young’s modulus range of glasses and lower
than typical brass, copper or bronze alloys for which Y > 100 GPa.
3. Fluid dynamics
3.1. Faraday waves
Consider an inviscid fluid of density ρ and surface tension σ in a horizontal layer of uniform
depth h in the presence of a gravitational acceleration g. The layer is oscillated vertically
in a sinusoidal fashion at a forcing frequency f0 = ω0/2pi , amplitude " and acceleration
)g = "ω2. Above a critical forcing acceleration, standing Faraday waves appear on the
surface. The associated surface deformation a(x, y, t) can be expressed in terms of the
container’s eigenmodes Sm(x, y) as
a(x, y, t) =
∑
m
am(t)Sm(x, y), (7)
with am(t) being the oscillating amplitude of the eigenmode m. Benjamin and Ursell [16]
demonstrate that the coefficients am(t) satisfy
a¨m + ω
2
m(1− 2γ cosω0t)am = 0, (8)
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where
ω2m =
(
gkm +
σ
ρ
k3m
)
tanh (kmh) (9)
represents the classic gravity-capillary wave dispersion relation,
γ = )
2(1 + Bo−1)
(10)
is the dimensionless forcing acceleration, and Bo = ρg
σk2
is the Bond number. km = 2pi/λm is
the wave number of the mode m, and λm is the corresponding wavelength.
In the absence of forcing, ) = 0, (8) describes a simple harmonic oscillation with
frequency prescribed by (9) corresponding to the free surface vibrations of the liquid. When
) > 0, (8) describes a parametric oscillator as the forcing term depends on time. The
resulting Faraday waves can be either capillary or gravity waves according to the magnitude
of Bo; specifically, the former and latter arise in the respective limits Bo ) 1 and Bo * 1.
Equation (8) is known as the Mathieu equation and cannot be solved analytically since one of
the terms is time dependent. However, as the forcing is periodic, Floquet theory can be applied
to show that an inviscid fluid layer is always unstable to Faraday waves with a frequency ωF
that is half the forcing frequency ω0 = 2ωF [16]. In the deep water (kh* 1), capillary wave
(Bo) 1) limit, we can infer from (9) a Faraday wavelength:
λF = (2pi)1/3(σ/ρ)1/3(f0/2)−2/3. (11)
To incorporate the influence of the fluid viscosity, one can add to (8) a phenomenological
dissipation term proportional to the velocity [18]:
a¨m + 2βa˙m + ω2m(1− 2γ cosω0t)am = 0, (12)
where β is the dissipation rate. This dissipation term leads to an acceleration threshold for the
Faraday instability. Assuming capillary waves in an unbounded and infinite depth liquid, the
critical acceleration needed to induce parametric instability is given by
)F ∝ 1
g
(ρ/σ )1/3νω
5/3
0 , (13)
where ν is the kinematic viscosity of the fluid [19, 44].
As the forcing amplitude is further increased, the Faraday wave amplitude increases
progressively until the waves become chaotic. Ultimately, the waves break and droplets are
ejected from the surface. Since drops will be ejected by the breaking of Faraday waves, we
expect their diameter to scale as
dm ∼ λF ∼ (σ/ρ)1/3f −2/30 (14)
in the capillary wave limit. Droplet ejection arises when the destabilizing inertial driving force
m)g (with m ∼ ρλ3F) exceeds the stabilizing surface tension force piλFσ . This implies, via
(14), a threshold acceleration that scales as
)d ∼ 1/g(σ/ρ)1/3f 4/30 . (15)
The range of validity of these scalings will be investigated in our experimental study.
3.2. Experimental technique
The experimental setup used for studying the surface waves generated within the Tibetan bowls
is presented in figure 6. A loudspeaker is set in front of the bowl, its signal received from
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Figure 6. Experimental setup. The bowl deformation is excited by a loudspeaker emitting sound
at a frequency corresponding to a particular vibrational mode of the bowl. The deformation of the
bowl is measured by an accelerometer glued to the bowl’s outer wall at the height of the liquid
surface.
a signal function generator then amplified. When the applied signal frequency is close to
one of the bowl’s resonant frequencies, it oscillates in the corresponding deformation mode.
Conveniently, with this method, we can select a single deformation mode. Recall that by
striking or rubbing the bowls, we excited several modes (figure 3): moreover, rubbing induced
a rotational motion that followed the mallet. We can now examine the vibration-induced flows
in a controlled fashion.
In order to extend the range of natural frequencies, we consider Tibetan bowls, wine
glasses and soda cans (with their tops removed), whose resonant frequencies span a broad
range from 50 to 750 Hz. For each, we can vary the resonant frequency by filling it with
liquid. The sound emitted by the loudspeaker was not powerful enough to induce significant
oscillations of the soda can rim, a problem we eliminated by directly connecting the vibrating
membrane of the loudspeaker to the rim of the soda can with a rigid rod.
We measure the acceleration of the rim at an antinode by gluing a lightweight accelerometer
(PCB-Piezotronics, 352C65) on the bowl’s rim at the level of the liquid surface. In the
following, we characterize the sinusoidal rim oscillation by the dimensionless acceleration
) defined as the maximal acceleration of the rim normalized by the gravitational acceleration
) = "ω2/g. For wine glasses, the accelerometer cannot be used since it dramatically alters
the resonant frequency. We thus used a light weight strain gauge, whose effect on the resonance
frequency is negligible.
The strain gauge system provides a measurement of the local extension length of the rim
at an antinode. The length variation of the strain gauge is deduced by measuring its electrical
resistance with a Wheatstone bridge. To deduce the acceleration of the radial rim movement,
we deduce a relation between the longitudinal extension - and the radial amplitude of the rim
". Then, the acceleration ) can be readily deduced. The validity of this indirect method was
tested on Tibet 1. An accelerometer was glued next to a strain gauge at an antinode of the bowl
Tibet 1. From the strain gauge measurement, we deduced an acceleration that we compared
with the direct measurement from the accelerometer. These two independent measurements
match well for a wide range of accelerations.
French [1] gives a relation for the convex change of length δl of a curved segment of
thickness a as a function of the initial mean radius of curvature R and the deformed radius of
curvature rc: δl = l0 a2 ( 1rc − 1R ) where l0 is the initial segment length. Since the deformation is
small, we can approximate: 1
rc
∼ 1
R
+ 3x
R2
where x is the radial displacement of the wall [1].
The strain gauge gives the measurement of the convex longitudinal extension of the rim
- = δl/ l0. We can thus deduce the maximal radial amplitude of the rim deformation [1]:
xm = 23 R
2
a
-.
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Figure 7. Evolution of the surface waves in Tibet 1 bowl filled with water and excited with a
frequency f = 188 Hz corresponding to its fundamental mode (2,0). The amplitude of deformation
is increasing from left to right: (a) ) = 1.8, (b) ) = 2.8, (c) ) = 6.2, (d) ) = 16.2.
3.3. Surface waves
Two different liquids were used in our experiment, pure water with density ρw = 1000 kg m−3,
viscosity ν = 1 cSt and surface tension σ = 72 mN m−1, and Dow Corning silicone oil with
ρo = 820 kg m−3, ν = 1 cSt and σ = 17.4 mN m−1. The fluid depth and resulting natural
deformation frequencies of the bowl were varied. Specific deformation modes of the bowls
were excited acoustically. We proceed by reporting the form of the flow induced, specifically,
the evolution of the free surface with increasing rim forcing.
In figure 7 (and supplementary data movie 2 available at stacks.iop.org/Non/24/R51/
mmedia), we present snapshots of the bowl Tibet 1 resonating in its fundamental deformation
mode with different ) when it is completely filled with water. The loudspeaker produces a
sinusoidal sound at a frequency f0 = 188 Hz that corresponds to the mode (2,0) with four
associated nodes and antinodes. The vibration of the water surface is forced by the horizontal
oscillation of the rim. When the amplitude of the rim oscillation is small, axisymmetric
progressive capillary waves with frequency commensurate with the excitation frequency appear
on the liquid surface. Although almost invisible to the naked eye, they can be readily detected
by appropriate lighting of the liquid surface (figure 7(a)). When ) is further increased,
relatively large amplitude circumferential standing waves appear at the water’s edge (figure 7(b)
and supplementary data movie 3 available at stacks.iop.org/Non/24/R51/mmedia). These
standing ripples, aligned perpendicular to the bowl’s edge, are spaced by approximately a
Faraday wavelength λF, as defined in (11). Moreover, their frequency is half that of the
axial waves, indicating that these waves correspond to classic cross waves or, equivalently,
edge-induced Faraday waves [14]. More complicated wave modes appear at higher excitation
amplitude (figure 7(c)). At sufficiently high ), the Faraday waves break, and water droplets
are ejected from the edge of the vessel (figure 7(d) and supplementary data movie 4 available
at stacks.iop.org/Non/24/R51/mmedia), specifically from the antinodes of the oscillating wall.
The ejected droplets may bounce, slide, and roll on the water surface before eventually
coalescing.
One of our bowls (Tibet 2) resonates readily in both modes (2,0) and (3,0). When
completely filled with water, the resonant frequencies of its (2,0) and (3,0) modes are
f = 144 Hz and f = 524 Hz, respectively. In figure 8, we observe the progression of
the surface waves with increasing amplitude for each of these modes. Note that for the mode
(3,0), since the frequency is higher, the wavelengths are shorter. Moreover, the sound amplitude
needed to produce surface waves is necessarily higher for mode (3,0) than (2,0).
The transition from axisymmetric capillary waves to Faraday waves arises at a critical
acceleration )F readily measured by the accelerometer. This threshold was measured as a
function of the forcing frequency, the latter having been tuned to excite the fundamental
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Figure 8. Evolution of the surface waves in Tibet 2 bowl filled with water. (a)–(d) Mode (2,0)
is excited with a frequency f = 144 Hz. (e)–(h) Mode (3,0) is excited with f = 524 Hz. The
amplitude of deformation is increasing from left to right. For the deformation mode n = 2,
(a) ) = 1.0, (b) ) = 1.7, (c) ) = 5.0, (d) ) = 12.7. For the deformation mode n = 3, (e)
) = 5.7, (f ) ) = 7.7, (g) ) = 15.1, (h) ) = 33.8.
deformation modes of the bowls with different liquid levels. We also measured this acceleration
threshold for the deformation mode (3,0) of the bowl Tibet 2. Higher frequencies were explored
with three different wine glasses filled to different levels using the strain gauge system. All
the measurements with silicone oil of viscosity 1 cSt are presented in figure 9 (lower curve).
Consistent with (13), the data suggest a dependence )F ∝ f 5/3. In figure 10(a), we report our
measurements of )F as a function of frequency for both silicone oil and distilled water. Each
data set is fit by a 5/3 power law. Prefactors of 3.5× 10−4 for water and 1.7× 10−4 for 1 cSt
silicone oil were inferred.
3.4. Surface fracture
When the Faraday waves become sufficiently large, they break, leading to droplet ejection.
A second critical acceleration can thus be measured, )d, above which droplets are ejected
from the surface. The droplet ejection starts with very few droplets ejected, then the ejection
rate increases with forcing amplitude. Our criterion for onset is that at least two droplets are
ejected in a 15 s time interval. The dependence of )d on f is presented in figure 9 (upper
curve) for bowls and wine glasses filled with different levels of 1 cSt silicone oil. The drop
ejection threshold scales as )d ∝ f 4/3, which is consistent with the scaling presented in (15).
In figure 10(b), our measurements of the dependence of )d on f are reported for bowls
filled with different levels of either 1 cSt silicone oil or water. The two )d curves collapse
when we use the scaling law (15) expected to apply for vertical forcing. Specifically, we find
)d ∼ 0.23(σ/ρ)1/3f 4/3. (16)
The droplet ejection acceleration threshold is thus in accord with measurements of Goodridge
et al [23] and Puthenveettil and Hopfinger [22], even though our forcing is horizontal rather
than vertical. Moreover, our prefactor is consistent with the results of both, who reported
values between 0.2 and 0.3.
The diameter of the ejected droplets was measured for several forcing frequencies. The
Tibetan bowls were fully filled with liquid, either 1 cSt silicone oil or pure water. Resonant
deformation modes were then excited by the loudspeaker emitting sinusoidal signals at the
R62 Invited Article
10-1
100
101
102
102 103
Γ
f(Hz)
Faraday waves
+
jumping droplets
Faraday
waves
Capillary waves
Figure 9. Phase diagram indicating the critical acceleration )F = "ω2/g above which axial
capillary waves give way to Faraday waves, and )d above which the Faraday waves break. The•,◦,! and" symbols correspond, respectively, to the measurements made with the bowls Tibet 1, 2,
3 4 and the# to wine glasses filled with different levels of 1 cSt silicone oil. The first acceleration
threshold (lower curve) scales as )F ∝ f 5/3 and the second (upper curve) as )d ∝ f 4/3.
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Figure 10. Dependence of acceleration thresholds on the frequency f for our vessels filled with
different levels of pure water (blue symbols) and silicone oil of viscosity ν = 1 cSt (red symbols).
The•,◦, ! and " symbols correspond, respectively, to the measurements made with the bowls
Tibet 1, 2, 3 4 and the# to wine glasses. (a) Each data set of Faraday threshold measurements, )F,
is fit by a 5/3 power law consistent with (13). (b) The droplet ejection threshold, )d, is consistent
with the scaling (15).
appropriate resonant frequency. The level of sound was adjusted so that the acceleration of the
rim at the antinodes of the bowl were just above the threshold for droplet ejection, )d. A high
speed video camera (Phantom) was used to record the ejected droplets, from which drop size
measurements were taken. We used a liquid-filled glass in order to extend the frequency range
to 720 Hz. Soda cans have very thin walls, and very low resonant frequencies. We were thus
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Figure 11. (a) Three cumulative distribution functions of ejected droplet sizes for the bowls Tibet
1, 3 and 4, fully filled with pure water and resonating in their fundamental deformation modes (2,0).
The lines are the curves fit by an equation of a cumulative distribution function for the Gaussian
distribution. (b) Mean size of the ejected droplets as a function of the frequency of the oscillating
vessel, either a Tibetan bowl, wine glass or soda can. The two leftmost data points are from the
measurements made with the soda cans, the two rightmost from the wine glass. Error bars are
the size of our symbols. The black curve indicates a power law dependence with slope −2/3 and
prefactor 0.87. The dotted line has the same slope, but a prefactor of 1. Inset: the corresponding
Gaussian functions inferred from the cumulative distribution functions.
able to measure droplet sizes for the two liquids at a frequency of 98 Hz. Three cumulative
distributions of ejected droplet sizes are presented in figure 11(a) for the bowls Tibet 1, 3 and
4 resonating in their fundamental deformation modes (2,0). Assuming that these distributions
are Gaussian, appropriate fits to the cumulative distribution functions yield the parameters of
the Gaussian distribution functions plotted in the inset of figure 11(b). The dependencies of
the mean droplet size on the forcing frequency for the two liquids are presented in figure 11(b).
Equation (14) adequately collapses our data, provided we choose a prefactor of 0.87. By
way of comparison, Puthenveettil found 0.92 for their experiments with water, and 1.01 with
Perfluoro-compound FC-72 liquid. Donnelly et al [45] found a prefactor of 0.98 from his
measurements of aerosol water droplets.
3.5. Bouncing droplets
With a more viscous fluid (e.g. 10 cSt silicone oil), the waves are less pronounced, and the fluid
is more strongly coupled to the vibrating sidewalls; specifically, more of the surface oscillates
up and down near the wall’s antinode. When a droplet of the same liquid is deposited on the
surface, it may bounce, levitated by the underlying wave field. Such sustained levitation was
not observed in the Tibetan singing bowl with liquid viscosities lower than 10 cSt.
In figure 12(a), we present a still image of a drop of diameter 0.5 mm bouncing on the liquid
surface inside the bowl (Tibet 1) resonating at a frequency of f0 = 188 Hz. The drop has been
made by dipping then extracting a syringe needle, on the tip of which a capillary bridge forms
and breaks, leaving a drop that bounces near the oscillating rim. A movie of the bouncing was
recorded (see supplementary data movie 5 available at stacks.iop.org/Non/24/R51/mmedia),
then vertical slices of each image through the droplet centreline juxtaposed. We can thus
construct an image illustrating the dynamics of the droplet (figure 12(b)). In this case, the
drop experiences two bounces of slightly different amplitude while the liquid surface (and
the rim) oscillates twice. When a smaller droplet (of diameter 0.35 mm) is placed on the
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Figure 12. (a) Still image of a droplet of 0.5 mm diameter bouncing on a surface oscillating at
188 Hz, the frequency of the rim. Both droplet and bath are 10 cSt silicon oil. Spatio-temporal
diagrams indicate the vertical trajectory of droplets of diameter (b) 0.5 mm and (c) 0.35 mm. Time
elapses from left to right and the drop’s reflection are apparent. (d) A single bounce of a droplet
of diameter 0.35 mm is illustrated by an image sequence. Images are spaced by 1 ms.
oscillating surface, the bouncing motion can be more complex. In figure 12(c), we see that
the droplet bounces only once during three oscillations of the surface. Figure 12(d) illustrates
the corresponding trajectory. We note that the bouncing motion of sufficiently small drops can
become chaotic.
We sought to sustain walking droplets in our system. Once the horizontal forcing amplitude
) is just above the Faraday wave threshold )F, circumferential Faraday waves are sustained
at the edge of the vessel. Then, when ) is increased, Faraday waves propagate progressively
towards the centre of the vessel, their amplitude damped by viscosity. Beyond these waves,
the liquid surface was quiescent unless perturbed by a bouncing droplet, in which case it could
sustain a field of Faraday waves. This phenomenon was observed in the bowl Tibet 2 almost
fully filled with 10 cSt silicone oil (f0 = 140 Hz). Just beyond the Faraday waves, a bouncing
droplet of diameter 500µm was made such that its bouncing frequency corresponded to the
Faraday wave frequency, that is, half the frequency of the vibrating rim. Such droplets were
unable to excite sufficiently large Faraday waves to enable them to walk. We note that the
usual range of walker diameters is between 650 and 850µm [33, 34]: their mass is thus 4 times
larger than that of our drops.
4. Conclusion
We have presented the results of an experimental investigation of the Tibetan singing bowl,
its acoustics and hydrodynamics. Its acoustical properties are similar to those of a wine glass,
but its relatively low vibration frequency makes it a more efficient generator of edge-induced
Faraday waves and droplet generation via surface fracture.
Our observations of the bowl acoustics have been rationalized by adapting French’s [1]
theory of the singing wine glass. This model allowed us to characterize the bowl acoustics
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and infer the Young modulus of the alloy constituting our antique bowls. The value we found,
Y = 77 ± 6% GPa, is in the range of glass, somewhat smaller than typical brass, copper
or bronze alloys. This low value of Y and associated low resonant frequency is a critical
component in the hydrodynamic behaviour of singing bowls: bowls with high fundamental
frequencies are, like the wine glass, relatively inefficient generators of droplets.
Particular attention has been given to the Faraday waves produced when a critical
acceleration of the horizontal rim oscillation is exceeded. These have been shown to be
due to a destabilization of the axial capillary waves similar to those observed and studied
theoretically [29, 24]. The acceleration threshold for droplet ejection has also been investigated
and rationalized by simple scaling arguments. Droplet size was shown to be proportional to the
Faraday wavelength, and our measurements were consistent with those on a vertically shaken
liquid surface [22, 23, 45].
We have demonstrated that, following their creation via surface fracture, droplets may
skip across or roll along the surface of fluid contained within a singing bowl. Moreover,
careful choice of fluid properties and droplet position introduces the possibility of stable
bouncing states reminiscent of those on a vertically driven free surface [30]. However, stable
walking droplets and their concomitant quantum behaviour were not observed. Nevertheless,
in developing hydrodynamic analogues of quantum systems, the edge-forcing examined here
may be valuable in presenting a lateral gradient in proximity to Faraday threshold.
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